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Abstract

We develop a new test for conditional moment restrictions via nonparametric series regres-

sion, with approximating functions selected by Lasso. A key novelty of our approach is to

account for the effect of the data-driven selection, yielding a new critical value constructed

on the basis of a nonstandard truncated-Gaussian asymptotic approximation. We show that

the test is correctly sized and attains a well-defined sense of adaptiveness that generally

results in better power than existing methods. The improvement afforded by the new test

is demonstrated in a Monte Carlo study and an empirical application on the conditional

evaluation of inflation forecasts.

Keywords: conditional moments; Lasso; machine learning; series estimation; uniform

inference; variable selection.

JEL Codes: C14, C22.

1 Introduction

Testing conditional moment restrictions is an important topic in econometrics. One approach

is to nonparametrically estimate the conditional moment function via a series regression ([1],

[38]) and then test whether the function is zero in a uniform sense ([8], [32]). In practice,

however, it is often difficult to decide which series terms should be employed to approximate

the unknown function: Using too few may induce bias, whereas using too many may not only

distort the size of inference but also hurt its power. To address this issue, it seems natural to

apply some machine learning based variable selection procedure such as the Lasso ([41]) or its

variants. Although such methods may achieve the so-called “oracle property” in large samples,

they cannot meet that theoretical ideal in finite samples. Ignoring the sampling variability in the

selection step may thus lead to possibly severe size distortion in the subsequent test (see Section

3 for concrete Monte Carlo evidence).

The main contribution of this paper is to propose a new critical value for the nonparamet-

ric test, which properly accounts for the effect of the preliminary Lasso-based selection. Our



analysis reveals that the first-stage selection affects the second-stage inference by restricting the

series-regression score on a random polytope. Since the asymptotics of the series estimator is

captured by the (growing-dimensional) Gaussian coupling for the score vector, this restriction

effectively results in a form of truncated normality, which explains the size distortion of the

“naive” critical value directly constructed from the conventional asymptotic Gaussian approxi-

mation. The novel critical value proposed in this paper accounts for the truncation effect and it

adequately improves the test’s size control in finite samples as shown in our simulation study.

We also characterize local alternatives against which the test is consistent. The power anal-

ysis clarifies a well-defined sense of adaptiveness of the proposed selective test: The test is able

to detect smaller deviations from the null if the deviation has a simpler form. In the extreme

case when the unknown function can be approximated by a bounded number of series terms

(but with a priori unknown identities), the test achieves consistency nearly—up to a logarithmic

factor—at the parametric rate. In the worst-case scenario in which the unknown function is

“very complex” (e.g., all covariates have nontrivial predictive power), the power of the selective

test deteriorates to the same level as the benchmark non-selective test. Outside the worst-case

scenario, the proposed selective test is generally more powerful than the existing benchmark.

The finite-sample improvement afforded by the new test is demonstrated in a Monte Carlo

study and an empirical application. Consistent with theory, the simulation results show that

the selective test has excellent size control even in challenging inferential situations with small

sample size and/or many candidate approximating functions; this is an important improvement

over the existing non-selective test, as the latter can be severely over-sized under the same sce-

nario. Moreover, the numerical results reveal that the selective test is much more efficient than

the non-selective test judged by size-corrected power. The same benefits are also reflected in

our empirical application on the conditional evaluation of inflation forecasts. In this real data

setting, we document that the non-selective test can be very sensitive to the user’s choice of the

series approximation specification, which opens the door for potential “specification snooping,”

rendering the empirical findings hard to interpret. In contrast, the selective test delivers quite ro-

bust findings that are also sufficiently informative to help discriminate some popular prediction

methods.
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The remainder of this paper is organized as follows. We present the selective test and the

related asymptotic theory in Section 2. Section 3 demonstrates the test’s finite-sample perfor-

mance in a Monte Carlo experiment. An empirical illustration on the conditional evaluation of

inflation forecasts is provided in Section 4. Section 5 concludes. The appendix provides requi-

site implementation details. The Online Supplemental Appendix contains additional theoretical

and simulation results, all technical proofs, and supplementary information for the empirical

study.

The following notation will be adopted throughout the paper. All limits are for n → ∞,

with n denoting the sample size. We use ∥·∥∞, ∥·∥ and ∥·∥S to denote the matrix infinity norm,

Frobenius norm and spectral norm, respectively. For two sequences of positive numbers an and

bn, we write an ≻ bn if an ≥ cnbn for some strictly positive sequence cn → ∞.

2 A Selective Test for Conditional Moment Restrictions

2.1 The testing problem

We start with introducing the econometric setting. Consider a series (Yt, X
⊤
t ), 1 ≤ t ≤ n, of

observed data, where Yt is scalar-valued and Xt takes values in a compact set X ⊆ Rd.1 Denote

the conditional expectation function of Yt given Xt by

g(x) ≡ E [Yt|Xt = x] , x ∈ X ,

with the associated residual term ϵt ≡ Yt − g (Xt). The econometric interest is to test the null

hypothesis

H0 : g(x) = 0 for all x ∈ X , (2.1)

against its complementary alternative, that is, g(x) ̸= 0 for some x. This arises from many

empirical economic settings. We consider a few examples to help fix ideas.

1We consider scalar-valued Yt mainly for ease of exposition. The econometric method can be trivially
extended to accommodate multivariate Yt.
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EXAMPLE 1 (CONDITIONAL EVALUATION OF PREDICTIVE ABILITY). Driven by the rapid

development of modern data analytics, empirical analyses—especially those based on big data

or machine learning techniques—often involve comparing the out-of-sample performance of

predictive models. While the popular Diebold–Mariano test ([23]) pertains to the on-average or

unconditional performance of predictive methods, [27] advocate a richer conditional evaluation

framework. As a case in point, let Yt be the differential of the ex post predictive losses of two

competing methods at period t. Then the null hypothesis in (2.1) asserts that the methods have

identical conditional performance across all conditioning states specified by Xt. As noted by

[27], with Yt properly defined, the test can also be used to test for conditional bias, rationality,

and encompassing.

EXAMPLE 2 (UNCOVERED INTEREST RATE PARITY). Conditional moment restrictions in the

form of (2.1) may also be implied by no arbitrage under rational expectation. For instance, a

large literature in international finance has been devoted to testing the uncovered interest rate

parity; see the seminal work of [26] and the reviews by [24, 25]. For such application, Yt is the

excess return on foreign bonds, defined as the exchange-rate-adjusted interest rate differential

between foreign and domestic bonds. The Xt conditioning variable belongs to the investor’s ex

ante information set including, for example, the lagged interest rate differential.

EXAMPLE 3 (EULER AND BELLMAN EQUATIONS). In dynamic equilibrium models, the equi-

librium is often characterized by Euler equations in the form of conditional moment restrictions.

The classical example arises from consumption-based asset pricing (see, e.g., [28]), in which

the one-period-ahead pricing equation takes the form

E
[
βU ′ (Ct+1, γ)

U ′ (Ct, γ)
Rt+1 − 1

∣∣∣∣Xt

]
= 0, (2.2)

where U ′ (·, γ) is the representative agent’s marginal utility function with a preference parameter

γ, β is the discounting factor, Ct is the consumption process, Rt+1 is the return of an asset, and

Xt is the state variable underlying the dynamic model. Equation (2.2) can be written in the

form of (2.1) by setting θ∗ = (β, γ) and Yt (θ
∗) = βU ′(Ct+1,γ)

U ′(Ct,γ)
Rt+1 − 1. Similar equilibrium
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conditions can also be derived from Bellman equations; see [32] for an example in the context

of a search-and-matching model for unemployment. In macroeconomic settings, the parameter

θ∗ is often, though not always, calibrated based on external data and auxiliary models.

The examples demonstrate the empirical relevance of the testing problem under study. De-

pending on the context, the Yt variable may play distinct roles, possibly involving a finite-

dimensional parameter θ∗ that may be estimated or calibrated. In addition, it is generally im-

portant to accommodate time-series dependence in the data. For ease of exposition, we shall

assume that Yt is directly observed in this section. It is straightforward to further accommo-

date the presence of an unknown θ∗; the details are provided in Section SA of the supplemental

appendix.

It is worth emphasizing that the hypothesis testing problem studied here is functional in na-

ture, as it concerns the global property of the conditional expectation function g (·). In practice,

empiricists often take “shortcuts” to bypass the functional inference problem, for example, by

integrating out the conditioning variable Xt and simply testing the unconditional moment re-

striction E [Yt] = 0. To incorporate conditioning information, applied researchers tend to run a

linear regression,

Yt = a+ b⊤Xt + et, (2.3)

and then test whether the coefficients are all zero. Evidently, if the null is violated in a way that

is “orthogonal” to such parametric specification, the test would have little power in detecting it.

Non-rejections may thus be challenged by a critical reader, because the “parametrized” test is

designed to seek power only in specific directions that are generally hard to justify economically.

One solution that has long been advocated in econometrics is to adopt the series regression

approach ([1], [38]) by including additional nonlinear approximating functions (e.g., polynomi-

als, splines, trigonometric functions, wavelets) of Xt as explanatory variables, yielding

Yt = b⊤P (Xt) + et, (2.4)

where P (·) denotes the vector of said approximating functions. By letting the number of series
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terms grow to infinity, the specification becomes increasingly more flexible in larger samples

and the series approximation approaches the true unknown function. The related functional

testing problem has been studied in the recent literature on uniform nonparametric inference

via growing dimensional Gaussian coupling techniques; see [8] and [32].

The existing econometric theory, however, does not provide clear guidance on how to spec-

ify the vector P (·) of approximating functions for nonparametric inference such as (2.1) in

a general time series setting.2 This is troublesome in practice because the specification may

nontrivially influence the testing result especially when the sample size is not very large. The

applied user may thus find it difficult to convince a skeptical audience that the chosen specifi-

cation is not “cherry picked” to serve his empirical narrative.

To mitigate this concern, a common practice is to report robustness checks obtained from a

range of alternative specifications. For instance, the user may conduct the test by fitting a pth

order polynomial and demonstrate robustness by presenting results with different p’s. This is

easy to carry out and arguably adequate when the conditioning variable Xt is univariate. Un-

fortunately, this practice can easily lose meaningfulness when Xt is multivariate. To appreciate

the practical difficulty, suppose that Xt is bivariate and the user employs bivariate polynomials

to approximate the unknown function. Further imagine that the user aims to carry out a ro-

bustness check by varying p, say, from 4 to 8, which is adequately but not excessively wide.

When p = 4, there are 15 series terms in (2.4). When p = 8, the number increases to 45. In a

finite sample with moderate size, the latter relatively large number of regressors may severely

distort inference because the underlying asymptotic argument does not “kick in” sufficiently

well. Indeed, as we shall see from the simulation results in Section 3, implementing the test

of [8] and [32] with “many” series terms will result in a substantial amount of false rejections.

Robustness checks done in this way is then nothing more than an over-interpretation of type I

2Here, specifying P (·) refers not only to the dimension of P (·), but more importantly, to which
conditioning variable(s) in Xt should enter P (·). In the literature, traditional data-driven methods for
specifying P (·), such as cross-validation and Mallow’s criterion (see, e.g., [33] and [3]), are proposed
to determine the dimension of P (·) with a given order of components in P (·), to achieve optimal risk
for the series estimator under the i.i.d. assumption. When applying the optimal tuning from these
methods for inference, undersmoothing or bias correction are usually adopted. However, it is unclear if
the randomness arising from the data-driven tuning should be formally accounted for when conducting
inference, and if so, how to address this randomness.
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errors. This makes the empiricist’s task of defending any choice of the approximation function

more challenging.

This motivates us to adopt a data-driven selection of the approximating functions for im-

plementing the functional inference. The basic idea is simple. In a preliminary selection step,

we first find approximating functions that are “sufficiently related” to the dependent variable Yt

by using a Lasso procedure. They are then included in (2.4) for the conduct of nonparametric

inference. Under this framework, the user only needs to provide a “dictionary” of candidate ap-

proximating functions (such as a large collection of polynomials or splines), but will not dictate

which of them enter the series regression (2.4). This—to a large extent—lessens the concern

of “specification snooping.”3 Moreover, since the data-driven selection is able to discard many

not-so-useful approximating functions, it also makes the statistical inference more efficient, re-

sulting in a more powerful test. The proposed test based on data-driven selection will be referred

to as the selective test.

Although the said construction is arguably straightforward to conceive, the requisite econo-

metric analysis has a novel and nonstandard component. The main difficulty stems from the

fact that the randomness in the selection step and that in the testing step are dependent. To

carry out the selective test, we thus need to precisely characterize the said dependence so as

to properly correct for the effect of the data-driven selection of series terms on the subsequent

nonparametric test. As we shall detail in Section 2.3, the selection step exerts effect by restrict-

ing the distribution of certain influence function on a polytope. We correct for it accordingly

by constructing critical values based on polytope-truncated Gaussian distributions, which are

quite distinct from those relying on routine Gaussian approximations (cf. [8], [32]). Simulation

results in Section 3 show clearly the benefit of the proposed correction.

We next turn to the details. Section 2.2 describes the selection procedure and the selective

test statistic. Section 2.3 explains the effect of selection on the subsequent test and how to

3We clarify that the proposed method is not completely free of tuning, as it still requires the user
to specify a dictionary and penalty parameters for the data-driven selection. However, the data-driven
selection procedure enables a disciplined approach to choosing relevant regressors, avoiding ad hoc
choices. Importantly, unlike methods that require regressors to be ordered a priori by their relevance
(which is typically unknown), the Lasso-based selection does not depend on such an ordering. This
differentiates our approach from earlier work focused on selecting the number of approximation terms
based on an ordered list of series functions.
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correct for it in the critical value construction. Section 2.4 presents theoretical properties of the

proposed test.

2.2 The selective test statistic

Let M = {1, . . . ,m} and consider a collection {pj(·) : j ∈ M} of candidate approximating

functions. For ease of discussion, we identify M with the associated collection of approximat-

ing functions and refer to it as a dictionary. We assume that the size of M grows asymptotically

(i.e., m → ∞ as n → ∞), though its dependence on n is kept implicit in our notation for sim-

plicity. For any nonempty subset S ⊆ M, we denote PS (·) ≡ (pj(·))j∈S , which collects a

subset of approximating functions selected by S. The specific ordering of the pj (·) compo-

nents is irrelevant, because the proposed test statistics will be invariant to the ordering. We refer

to S as a selection and denote its cardinality by |S|. The series estimator for the conditional

expectation function g (·) based on the selection S is given by

ĝS (·) ≡ PS(·)⊤
(

n∑
t=1

PS (Xt)PS (Xt)
⊤

)−1( n∑
t=1

PS (Xt)Yt

)
, (2.5)

as long as the matrix Q̂S ≡ n−1
∑n

t=1 PS(Xt)PS(Xt)
⊤ is invertible. The standard error function

associated with ĝS (·) is

σS(·) ≡
√

PS(·)⊤Q−1
S ΣSQ

−1
S PS(·),

where QS ≡ n−1
∑n

t=1 E
[
PS(Xt)PS(Xt)

⊤] and ΣS ≡ Var[n−1/2
∑n

t=1 PS(Xt)ϵt]. We may

estimate QS via Q̂S and estimate ΣS using a (possibly growing dimensional) heteroskedasticity

and autocorrelation consistent (HAC) estimator Σ̂S , following known results in the literature.4

The standard error function σS(·) can then be estimated via

σ̂S(·) ≡
√
PS(·)⊤Q̂−1

S Σ̂SQ̂
−1
S PS(·). (2.6)

4Σ̂S may be taken as the classical Newey–West estimator or more generally the HAC estimators
studied by [2]. The consistency and rate of convergence of these HAC estimators have been established
in a general time-series setting with growing dimensions by [32]; see their Lemma B3. The consistency
and rate of convergence of Q̂S towards QS follow a law of large numbers of growing-dimensional
matrices; see, for example, Lemma 2.2 in [19] and Lemma B2 in [32].
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For a given selection S, the associated sup-t statistic is defined as

T̂S ≡ sup
x∈X

∣∣∣∣n1/2ĝS(x)

σ̂S(x)

∣∣∣∣ . (2.7)

The benchmark non-selective test studied by [8] and [32] relies on a special case of this test

statistic with S = M.

Unlike [8] and [32], we aim to conduct the test on the basis of a data-driven selection. We use

the Lasso method to implement the selection. The Lasso estimator is computationally attractive

and has many desirable properties in both low- and high-dimensional settings, making it one

of the most popular approaches for feature selection in the literature. Compared to classical

selection methods based on information criteria, Lasso is more flexible as it treats all elements

in the dictionary symmetrically, without requiring them to be ordered (which would simplify

the selection as a choice of the number of series terms). Our approach may be extended to

accommodate other types of variable selection methods as well, which we leave for future

research.

Some users may consider a subset M0 ⊆ M of regressors to be important a priori and

like to “manually” select them into the nonparametric fit. To accommodate this, we design a

selection procedure that always includes the prior choice set M0 and relies on Lasso to select

additional regressors from the remainder set Mc
0 ≡ M\M0.5 As such, Lasso assists the

user’s choice without dictating it completely.6 Below, we maintain a mild convention that M0

contains at least the constant term (which is also our recommended default choice); this ensures

the selected set of regressors to be non-empty, and hence, avoids an uninteresting degeneracy.

The Lasso-assisted selection is implemented as follows. Given the user’s prior choice M0,

5For example, the user may insist on using a constant and a linear term in the series regression, but is
uncertain about which higher-order polynomial terms should be included in addition. In this situation,
she may put the constant and linear terms in M0, and let Lasso machine-learn whether and which
additional terms are needed.

6It is worth pointing out that our goal is to conduct inference on the function g(x), not on the pa-
rameters of the approximating functions indexed by M0. This makes our paper fundamentally different
from another strand of research that focuses on the coefficients of a fixed set of regressors when there
are many other regressors in linear regression (see, e.g., [15], [16] and [29] for recent developments in
this line of research).

10



we perform a Lasso estimation with the resulting estimator given by

β̂
Lasso

≡ argmin
β∈Rm

1

2

n∑
t=1

(Yt − P (Xt)
⊤β)2 + λn

∑
j∈Mc

0

ωj |βj|

 , (2.8)

where λn is a sequence of penalty parameters commonly seen in Lasso-type problems, and

(ωj)j∈Mc
0

is a collection of non-negative weights. Note that the ℓ1-penalty is applied only to

the remainder set Mc
0, whereas the coefficients in the prior choice set M0 are unrestricted.

A simple choice of the ωj weights is ωj = 1 identically or ωj = ∥Pj∥n where ∥Pj∥n ≡√
n−1

∑n
t=1 pj(Xt)2 (see, e.g., [11] and [6]), but the more general setting in (2.8) also accom-

modates the adaptive Lasso ([44]). For the empirical implementation of the test proposed below,

we use

λn =
√

n log(log(n))Φ−1(1− 0.1/(2m)) and ωj = σ̂ ∥Pj∥n , (2.9)

where Φ−1(·) and σ̂ denote the standard normal quantile function and a consistent estimator

of the standard deviation of ϵt, respectively.7 These values are computationally convenient and

ensure that the proposed test satisfies a well-defined sense of adaptiveness, as elaborated in

Section 2.4.8 In applications, the ℓ1-penalty tends to shrink many coefficients to zero. The

data-driven selection is then given by

L ≡ M0

⋃{
j ∈ Mc

0 : β̂
Lasso

j ̸= 0
}
, (2.10)

which consists of the user’s ex ante choice M0 and Lasso’s ex post selection from Mc
0.

7In both the simulation study and the empirical application discussed in the paper, we construct σ̂2

using the sample variance of the estimated residuals from a Lasso estimation with penalty parameters
λn =

√
n log(log(n))Φ−1(1− 0.1/(2m)) and ωj = ∥Pj∥n.

8We prefer the simple plug-in rule in (2.9) over data-driven ones for two reasons. First, the attractive
properties of the Lasso estimator based on data-driven penalty parameters, such as those determined by
cross-validation, are established for independent data (see, e.g., [20] and [22]). It is unclear if these
properties are still valid in the time series setting. More importantly, data-driven penalty parameters
introduce another source of randomness to the selective test, which may need to be accounted for to
ensure valid size control.
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The selective test statistic is defined accordingly as

T̂L ≡ T̂S
∣∣
S=L = sup

x∈X

∣∣∣∣n1/2ĝL(x)

σ̂L(x)

∣∣∣∣ . (2.11)

A large value of the test statistic signifies a violation of the null hypothesis (i.e., g (·) ̸= 0). It

remains to properly determine the critical value, to which we now turn.

2.3 Critical value for the selective test

Before introducing our new critical value for the selective test statistic T̂L, it is instructive to

briefly review how critical values are constructed in a simpler benchmark scenario with a non-

random selection S as analyzed by [8] and [32]. The basic idea is to strongly approximate T̂S by

the supremum of a Gaussian process under the null hypothesis. More precisely, it can be shown

under commonly used regularity conditions that there exists a sequence of |S|-dimensional

Gaussian random vectors ÑS ∼ N (0,ΣS) such that

T̂S = T̃S + op (1) , where T̃S ≡ sup
x∈X

∣∣∣∣∣PS (x)
⊤Q−1

S ÑS

σS(x)

∣∣∣∣∣ . (2.12)

The 1 − α quantile of T̃S can thus be used as a critical value for T̂S at significance level α. A

feasible version of this critical value can be estimated via simulation as the 1− α quantile of

T̃ ∗
S ≡ sup

x∈X

∣∣∣∣∣PS (x)
⊤ Q̂−1

S Ñ∗
S

σ̂S(x)

∣∣∣∣∣ , (2.13)

denoted as cv0S,α, where Ñ∗
S conditional on data is N (0, Σ̂S) distributed.

From here, a seemingly natural way to construct T̂L’s critical value is to directly apply the

same procedure by plugging in S = L, which amounts to ignoring the randomness in the data-

driven selection L. However, this approach turns out to suffer nontrivial size distortion as shown

in the simulation study in Section 3. This motivates us to account for the effect of selection and

adjust the critical value accordingly. This is in fact the key ingredient that makes our proposed

selective test work reliably in finite samples.
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Since the formal analysis is technical, we summarize the main intuition in the next two

paragraphs before diving into the econometrics. We begin with a couple of clarifications. First,

while the reason for performing the data-driven selection of “relevant” approximating functions

is to fit the unknown function g(·) under the alternative hypothesis, the need for correcting the

selection effect stems from our desire to control size under the null hypothesis. Hence, the

discussion in the remainder of this subsection concentrates on the null hypothesis, while taking

the selection algorithm as given. Second, although the Lasso regression is informative about

which approximating function in the dictionary is useful for fitting the unknown g(·) function,

it is silent on whether one should reject the hypothesis (2.1) or not, simply because it is not

designed as a test. In particular, the fact that some approximating functions are selected by

Lasso does not mean—in a formal sense of hypothesis testing—that the null hypothesis needs

to be rejected.

Why the data-driven selection may lead to size distortion? Note that under the null hypothe-

sis, all approximating functions in the dictionary are useless for fitting g(·), which is identically

zero. Ideally, Lasso should select nothing. But it is imperfect in reality. In finite samples,

Lasso will sometimes select approximating functions which appear (counterfactually) useful

for fitting Yt purely due to random disturbances. When taking the selection “as given,” the

empiricist is implicitly conditioning on an “unusual” random event (associated with the selec-

tion outcome). Since the selection decision and the subsequent test are based on “correlated”

information, the conditioning will alter the distribution of the test statistic, rendering the usual

asymptotic Gaussian approximation inaccurate in finite samples; see Section 3 for concrete nu-

merical evidence. To address this issue, we shall explicitly characterize the selection event in

the form of a collection of inequality constraints. This allows us to determine the joint sampling

behavior of the data-driven selection and the selective test statistic, so that we can compute

critical values properly by taking into account the said selection-induced conditioning effect.9

We now proceed to the details. The technical discussion in the reminder of this subsection,

9Alternatively, one may apply sample splitting or cross-fitting to reduce the size distortion introduced
by model selection. However, formal justification of these methods typically requires the data to be in-
dependent. Since our primary applications are in the time series setting, these methods are not discussed
in the paper, and their theoretical justification is left for future investigation.
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together with the asymptotic theory in Section 2.4, may be skipped by readers who are mainly

interested in applications. More notation is needed. Let In denote the n-dimensional identity

matrix, ϵ ≡ (ϵt)1≤t≤n, and G ≡ (g(Xt))1≤t≤n. By convention, all vectors are column vectors.

For any S ⊆ M, denote PS ≡ (PS(X1), . . . , PS(Xn))
⊤. When S = M, we suppress its

subscript by simply writing P = PM. In addition, let P̃S and G̃ represent the residual matrices

derived from projecting PS onto PM0 and G onto PM0 , respectively. In other words, P̃S ≡

DnPS and G̃ ≡ DnG, where Dn ≡ In − PM0(P
⊤
M0

PM0)
−1P⊤

M0
. Finally, we define ŝ as a

|L \M0|-dimensional vector that collects the signs of β̂
Lasso

j for j ∈ {j : β̂
Lasso

j ̸= 0} \M0.

We first characterize the selection event. By the Karush–Kuhn–Tucker conditions for the

Lasso problem (2.8), the selection event can be represented by a system of linear inequality

restrictions on n−1/2P⊤ϵ = n−1/2
∑n

t=1 P (Xt) ϵt, which is the score vector of the series re-

gression using the entire dictionary of regressors.10 Specifically, for any nonrandom selection

S satisfying M0 ⊆ S ⊆ M and a sign vector s ∈ {±1}|S\M0|, we have

{L = S, ŝ = s} =
{
n−1/2P⊤ϵ ∈ Π(S, s, λn)

}
. (2.14)

Here, Π(S, s, λn) is an m-dimensional (random) polytope given by

Π(S, s, λn) ≡


z ∈ Rm :

diag (s) (ASz + cS) > n−1/2λnbS(s) and

n−1/2λnb
′
l,S(s) < A′

Sz+c′S < n−1/2λnb
′
u,S(s)


, (2.15)

where diag (s) is a diagonal matrix with its diagonal components given by s,
cS ≡ n1/2

(
P̃⊤

S\M0
P̃S\M0

)−1

P̃⊤
S\M0

G̃,

c′S ≡ n−1/2P̃⊤
M\S

(
In − P̃S\M0

(
P̃⊤

S\M0
P̃S\M0

)−1

P̃⊤
S\M0

)
G̃,

(2.16)

10See Lemma SA.1 in the Supplemental Appendix for details, which extends a similar result in [31]
by allowing for the prior choice set M0 and penalty weights ωj .
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and bS(s), b′l,S(s), b
′
u,S(s), AS , and A′

S are directly observable quantities. These observed statis-

tics do not pose difficulty in our theoretical analysis (though they are needed for implementa-

tion). We thus defer their somewhat complicated definitions to the appendix to streamline the

discussion; see (A.1). On the contrary, the random vectors cS and c′S are unobservable because

G̃ involves the unknown g (·) function. The structure of the polytope Π(S, s, λn) is not directly

observed, either.

The above (non-asymptotic) characterization precisely depicts the relation between the se-

lection and the subsequent series estimation in finite samples, through their common depen-

dence on the score vector n−1/2P⊤ϵ. To see this more clearly, recall that for any given selection

S, the asymptotic normality (formulated in terms of strong Gaussian coupling in the growing

dimensional case) of the ĝS (·) estimator is driven by the score n−1/2P⊤
S ϵ, which is a subvector

of n−1/2P⊤ϵ. However, when S is selected by Lasso with a particular sign configuration s, the

score n−1/2P⊤ϵ is restricted within the polytope Π(S, s, λn). This restriction would modify the

score’s asymptotic normality into a form of truncated normality. A failure to account for this

will generally lead to size distortion.11

We now propose a new critical value to adjust for the truncation effect. The key is to con-

struct a feasible approximation for the unobserved polytope Π(S, s, λn). As mentioned above,

the polytope is not directly observed because G is unknown. To construct an approximation for

G, we regress Y on PS with the resulting regression coefficient given by

b̂S ≡
(
P⊤

SPS
)−1

P⊤
SY. (2.17)

We further modify this preliminary estimator via hard-thresholding to obtain β̃S , with its jth

component given by

β̃S,j ≡ b̂S,j · 1
{
|̂bS,j| ≥ log(n)n−1/2σ̂S,j

}
, (2.18)

where b̂S,j denotes the jth component of b̂S and σ̂S,j is the estimated standard error of b̂S,j

11It is worth noting that the said distortion is distinct from the usual small-sample phenomenon that
central limit theorems may not “kick in” sufficiently well for a moderately sized sample; indeed, the
same issue still arises even if the score is exactly normally distributed (say, in a Gaussian model with
fixed design).

15



obtained as the square-root of the jth diagonal element of Q̂−1
S Σ̂SQ̂

−1
S .12 The n-dimensional

vector G is then approximated by PS β̃S . Plugging this approximation into (2.16), we further

obtain approximations for cS and c′S in the form of

ĉS = n1/2β̃S\M0
, ĉ′S = 0,

where β̃S\M0
is the subvector of β̃S extracted in accordance with S \M0 as a subset of S. A

feasible proxy for Π(S, s, λn) can then be obtained by replacing (cS , c
′
S) with (ĉS , ĉ

′
S) in (2.15),

that is,

Π̂(S, s, λn) ≡


z ∈ Rm :

diag (s) (ASz + n1/2β̃S\M0
) > n−1/2λnbS(s) and

n−1/2λnb
′
l,S(s) < A′

Sz < n−1/2λnb
′
u,S(s)


. (2.19)

We are now ready to construct the new critical value. Let Ñ∗ be an m-dimensional standard

Gaussian random vector that is independent of the data. For a given selection S, define Ñ∗
S as

the subvector of Σ̂1/2
M Ñ∗ extracted in accordance with S as a subset of M, and use it to compute

T̃ ∗
S as described in (2.13). We then set

cv1S,α ≡ inf

u ∈ R :
P∗
(
T̃ ∗
S ≥ u, Σ̂

1/2
M Ñ∗ ∈ Π̂(S, s, λn)

)
P∗
(
Σ̂

1/2
M Ñ∗ ∈ Π̂(S, s, λn)

) = α

 , (2.20)

where P∗(·) denotes the conditional distribution of Ñ∗ given data.13,14 Our proposed critical

12The intuition for applying the hard-thresholding is as follows. If the estimator b̂S,j corresponds to a
zero coefficient in the population, b̂S,j/(n−1/2σ̂S,j) is approximately N (0, 1). In addition, these “zero”
t-statistics are uniformly bounded by the log (n) factor with probability approaching 1. The truncation
shrinks these noisy estimates of zero directly to zero. This noise-reduction generally leads to better
performance in finite samples.

13This critical value may be computed by simulating the Gaussian random vector Ñ∗. A computa-
tionally more efficient method is to sample directly from the truncated normal distribution in restriction
to the selection event (see, e.g., [12]).

14If the focus is on testing g(x0) = 0 for some given x0 ∈ X , then the corresponding critical value
may be calculated using techniques from recent strand of literature on “selective inference” (see, e.g.,
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value takes a hybrid form of cv0L,α ≡ cv0S,α
∣∣
S=L and cv1L,α ≡ cv1S,α

∣∣
S=L, that is,

cvL,α ≡ cv0L,α + (cv1L,α − cv0L,α) · 1{T̂L ≤ log(n)}. (2.21)

The selective test rejects the null hypothesis in (2.1) if T̂L > cvL,α. □

The intuition for the proposed critical value is as follows. Note that the (conditionally)

Gaussian vector Σ̂1/2
M Ñ∗ provides a distributional approximation for the score vector n−1/2P⊤ϵ.

Since T̃ ∗
S is formed using the subvector Ñ∗

S , Σ̂1/2
M Ñ∗ and T̃ ∗

S provide a joint distributional approx-

imation for the score n−1/2P⊤ϵ and the sup-t statistic T̂S under the null hypothesis. As such, the

joint asymptotic behavior of the test statistic and the selection event {n−1/2P⊤ϵ ∈ Π(S, s, λn)}

is captured by that of T̃ ∗
S and {Σ̂1/2

M Ñ∗ ∈ Π̂(S, s, λn)}. The critical value cv1S,α described in

(2.20) is simply defined as a tail quantile of the conditional distribution of T̃ ∗
S in restriction

to the “coupling” selection event {Σ̂1/2
M Ñ∗ ∈ Π̂(S, s, λn)}, which captures how the polytope

restriction on the score vector distorts the distribution of the sup-t statistic. Although cv1L,α

is preferred for size control, under the alternative hypothesis, we may use cv0L,α for inference

since its magnitude is small (at most log(m)1/2 under some regularity conditions). The indicator

1{T̂L ≤ log(n)} in (2.20) defines a switching rule between cv0L,α and cv1L,α. With probability

approaching 1, this indicator equals 1 under the null, and 0 under the alternatives specified in

(2.24) and (2.28) below. This ensures both good size and power properties for the inference

based on cvL,α.

We close this subsection with a few remarks. First note that our strategy for correcting

the critical value is not restricted to the Lasso method. For the other methods such as the

group Lasso ([42]) and the elastic net ([45], [46]), one may modify the underlying Karush–

Kuhn–Tucker conditions accordingly and characterize the selection event in a similar fashion

as (2.14). Critical values may then be constructed from the corresponding conditional coupling

distributions. Secondly, we stress that our analysis focuses on testing whether g (·) = 0, and

hence, our inference concentrates on the null hypothesis. A separate open question is how to

[31]). However, our focus is on uniform inference of g(x) as specified in (2.1), which makes these
techniques not applicable here. That being said, selective inference may be fruitfully used in many other
econometric problems, as demonstrated in the recent interesting work by [34], [4, 5]. Also see [35] for
a novel power-improved approach to selective inference problems.
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make uniform inference for the unknown function g (·) also under the alternative, while properly

accounting for the selection effect. The latter question is more challenging because, under “lo-

cal” alternatives, the selection may miss “moderate” features of g (·) and lead to non-negligible

biases for inference. This is not an issue (in terms of size control) for our hypothesis testing

problem because under the null g (·) is known to be zero. Finally, one may wonder whether

the size correction can be automatically achieved via resampling methods such as the bootstrap.

We investigate this possibility through a simulation study in Section SD of the supplemental

appendix. The simulation results show that a test based on the i.i.d. bootstrap tends to be very

conservative and have poor power (even if there is no serial dependence in the data). A theoret-

ical investigation of resampling methods for the selective test is beyond the scope of this paper

and is left for future research.

2.4 Asymptotic properties of the selective test

In this subsection, we show that the proposed test has valid size control under the null hypoth-

esis; we also analyze the test’s power under local alternatives so as to theoretically clarify how

the Lasso-assisted selection helps improve power. We focus on the baseline setting in which Yt

is directly observed. Section SA in the supplemental appendix details an extension with Yt de-

pending on some unknown parameter θ∗. We start with introducing a few regularity conditions.

To set the stage for the local power analysis, we consider a sequence of data generating

processes under which E [Yt|Xt = x] = gn(x), where gn (·) is a (possibly) drifting sequence of

functions. These functions are assumed to satisfy the following.

Assumption 1. (i) There exists a sequence (b∗n)n≥1 of m-dimensional constant vectors such that

sup
x∈X

n1/2
∣∣gn(x)− P (x)⊤b∗n

∣∣ = O(1);

(ii) there exists a subset R ⊆ Mc
0 such that minj∈R |b∗n,j| > 0 and b∗n,j = 0 when j ∈ Mc

0 \ R.

Assumption 1 states that the gn (·) function may be approximately represented by the growing-

dimensional b∗n vector, which specifies how gn (·) loads on the basis functions. This is well un-
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derstood in series estimation, for which comprehensive results are available from the literature

on numerical approximation (see, e.g., [18]). The setup also directly accommodates linear spec-

ifications with “many regressors.” Given this representation, condition (ii) further introduces a

“relevance set,” R, which marks all basis functions in Mc
0 with nonzero loadings. Note that R

is empty under the null hypothesis, but it plays an important role under the alternative.

Intuitively, if the user knew the (actually unknown) structure of R a priori, it would be

natural to combine it with their prior choice M0 to form an “oracle” selection

M⋆ ≡ M0 ∪R,

which is arguably the best one may wish to obtain from any selection algorithm. The M⋆

set thus depicts the intrinsic complexity of gn (·) given the user’s ex ante choice (including

the dictionary M and the prior choice M0). In this sense, gn (·) is the most complex when

M⋆ = M, because one would use all basis functions to conduct the series estimation. On

the other extreme, if M⋆ is “sparse” in the sense that it contains only a few elements, gn (·) is

“effectively parametric,” and hence, relatively simple to uncover. Consistent with this logic, our

theory presented below shows that the selective test satisfies an adaptive property, namely, it is

more powerful when the alternative is less complex.

Assumption 2. (i) The eigenvalues of QM and ΣM are bounded from above and away from

zero; (ii) supγ∈B⋆
m
|γ⊤(Q̂M − QM)γ| = op(1), where B⋆

m ≡ {γ ∈ Rm: ||γ||0 ≤ 2|M⋆| log(n),

||γ|| = 1}; (iii) (||A′
M0

P⊤ϵ||∞ + (n log(m))1/2)/(λnminj∈Mc
0\R ωj) = op(1); (iv) there exists

a sequence of |M0|-dimensional Gaussian random vectors ÑM0 with zero mean and variance

ΣM0 such that

n−1/2

n∑
t=1

PM0(Xt)ϵt = ÑM0 + op(log(n)
−1);

(v) the estimator Σ̂M of ΣM satisfies supγ∈B⋆
m

∣∣∣γ⊤(Σ̂M − ΣM)γ
∣∣∣ = op(1); (vi) ||Q̂M0 −

QM0||S+||Σ̂M0−ΣM0||S = op(|M0|−1/2 log(n)−3/2); (vii) log(ζLm) = O(log(m)) and log(m) =

O(log(n)), where ζLm ≡ supx,x′∈X ∥P (x)− P (x′)∥ / ∥x− x′∥.

Assumption 2 imposes high-level conditions that are similar to those used in prior work on
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uniform series-based inference and Lasso estimation of high-dimensional models.15 Condition

(i) is fairly standard for series estimation; see, for example, [1], [38], and [18]. Conditions (ii,

v) entail restricted matrix law of large numbers on Q̂M and Σ̂M respectively. These conditions

impose restriction on the dimension of M⋆ and are commonly used in the literature for estima-

tion and inference of high-dimensional models (see, e.g., [11], [6] and [9]). Conditions (ii, v),

combined with Condition (i), implies that

K−1 ≤ γ⊤Q̂Mγ ≤ K and K−1 ≤ γ⊤Σ̂Mγ ≤ K, (2.22)

uniformly over γ ∈ B⋆
m, with probability approaching 1 (wpa1). Condition (iii) places a re-

striction on the penalty parameters λn and {ωj}j∈Mc
0\R

to ensure desirable statistical proper-

ties for the Lasso estimator. In many scenarios, we can demonstrate that
∥∥A′

M0
P⊤ϵ

∥∥
∞ =

Op(n log(m)1/2).16 Hence, this condition holds under these circumstances if

n1/2 log(m)1/2(λn min
j∈Mc

0\R
ωj)

−1 = op(1).

The latter condition has been extensively discussed in literature such as [11], [6] and [21].

Condition (iv) requires that the scaled score n−1/2
∑n

t=1 PM0(Xt)ϵt admits a Gaussian coupling,

which may be verified by applying Yurinskii’s coupling for i.i.d. data (see, e.g., [7] and [14])

or for martingale (see, e.g., [17]), or the theory of [32] in the more general time-series setting

for heterogeneous mixingales. Condition (vi) pertains to the convergence rates of Q̂M0 and

Σ̂M0 , which can be verified under primitive conditions as shown in [19] and [32]. Remarkably,

Conditions (iv, vi) are imposed on the user-specified set M0, which might have a fixed or small

dimension. Condition (vii) is satisfied by commonly employed series bases.

Assumption 3. For some fixed constant Kω, K−1
ω ≤ minj∈Mc

0
ωj ≤ maxj∈Mc

0
ωj ≤ Kω wpa1.

Assumption 3 sets upper and lower bounds on individual penalties {ωj}j∈Mc
0
. This condition

can be verified for various choices, including the recommended one in (2.9) (see Proposition 1)

15A detailed discussion on verifying the conditions in Assumption 2 is included in Section SC of the
Supplemental Appendix.

16See Lemmas SC.15 and SC.16 in Section SC of the Supplemental Appendix.
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in the Appendix.

We are now ready to state the asymptotic size and power properties of the selective test,

which is the main theoretical result of this paper. Below, let κ (S) ≡ supx∈X ||PS(x)|| for any

S ⊂ M, m0 ≡ |M0|+ 1 and µR,m ≡ |R|1/2ξ1/2m , where ξm is defined in (2.24) below.

Theorem 1. Under Assumptions 1, 2, and 3, the following statements hold for any significance

level α ∈ (0, 1/2):

(a) The selective test has asymptotic level α under the null hypothesis (2.1), that is, P(T̂L >

cvL,α) → α;

(b) Suppose that there exists a non-random sequence ξm such that

max
S⊂Mc

0

κ (S)2 |S|−1 ≤ ξm, (2.23)

then the selective test is consistent against any local alternative that satisfies

sup
x∈X

|gn(x)| ≻
(κ(M⋆) + µR,m)((1 + µR,m)

√
λ2
n|R|n−1 + log(m0) + log(n))

n1/2
, (2.24)

that is, P(T̂L > cvL,α) → 1.

Part (a) of Theorem 1 shows that the selective test has valid size control under the null

hypothesis. Part (b) further establishes the consistency of the test against local alternatives

that satisfy condition (2.24), with the “boundary” of the local neighborhood under the uniform

metric characterized by the rate in the right hand side of the inequality in (2.24). Condition

(2.23) imposes a uniform upper bound ξm on the vector of approximating functions PS(x). For

approximating functions such as splines and wavelets, which are uniformly bounded, (2.23)

holds with ξm being a fixed constant. For polynomials, (2.23) holds with ξm = Km1/2 for some

fixed K.

From the local alternatives in (2.24), it is evident that a large penalty parameter λn will

increase the boundary rate, thereby reducing the power of the selective test. Conversely, λn

should not be too small, as this may cause Assumption 2(iii) to be violated. This trade-off
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informs our recommended λn in (2.9), under which the boundary rate in (2.24) becomes

n−1/2(κ(M⋆) + µR,m)(1 + µR,m) log(n). (2.25)

We will next discuss this rate in different scenarios, since it pertains to the recommended λn.

First, we compare the selective test against the non-selective test based on the user-specified

set M0, where the latter rejects the null hypothesis (2.1) if T̂M0 > cv0M0,α
. The most favorable

case for the non-selective test (but the least favorable to the selective test) is when M0 is oracle,

meaning R = ∅ and M⋆ = M0 and hence R = ∅. In this case, we can show that the test

statistic based on T̂M0 is consistent against any local alternative that satisfies

sup
x∈X

|gn(x)| ≻ n−1/2κ (M0) log(m0)
1/2. (2.26)

On the other hand, since R = ∅ and M⋆ = M0 in this case, the rate in (2.25) simplifies to

n−1/2κ (M0) log(n). Therefore, the cost that the selective test incurs compared with the non-

selective test for not knowing M⋆ = M0 is log(n)/ log(m0)
1/2, which is not substantial.

More importantly, Theorem 1(b) shows that the selective test is adaptive with respect to the

complexity of gn (·) as gauged by R. That is, the test is able to consistently detect a faster-

vanishing nonzero sequence of supx∈X |gn(x)| when the gn (·) function is easier to approximate

(i.e., R is smaller), despite the fact that this information is unknown a priori. This is an im-

portant improvement relative to the existing method, which employs the user-specified set M0

or the entire dictionary M of basis functions. The power of the non-selective test based on M

is always dictated by the fast-diverging sequence m, and hence low, regardless of the actual

complexity underlying the data generating process. Meanwhile, when R is finite the selective

test can be consistent at nearly (up to a logarithmic factor) parametric rate.

It is also remarkable that the consistency of the selective test stated in Theorem 1(b) is

achieved without specifying the magnitudes of the coefficients b∗n in the series approximation in

Assumption 1(i). Therefore, b∗n could be either hard-sparse, meaning minj∈R |b∗n,j| is bounded

away from zero, or approximate-sparse, meaning maxj∈R |b∗n,j| approaches zero. On the other
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hand, it is well-known that Lasso is generally inconsistent in model selection under Assumption

3, even when b∗n is hard-sparse (see related discussion in [43] and [44]), which leads to the

presence of µR,m in the boundary rate of the local alternatives.

When b∗n is hard-sparse or approximate-sparse but minj∈R |b∗n,j| decreases at a rate slower

than n−1/2, the set R can be consistently estimated through Lasso with adaptive individual

penalties {ωj}j∈Mc
0
, whose properties are specified in Assumption 4 below. In this case, con-

dition (2.23) is not required, and a lower bound sharper than (2.24) on the local alternatives

against which the selective test is consistent can be obtained.

Assumption 4. The penalty parameters {ωj}j∈Mc
0

satisfy:

|M⋆|1/2n1/2 + |R|1/2λnmaxj∈R ωj

min
{
nminj∈R |b∗n,j|, λnminj∈Mc

0\R ωj

} = op(1). (2.27)

To understand how Assumption 4 ensures consistent estimation of R, we first observe that

|M⋆|1/2n−1/2 + λnmaxj∈R ωj|R|1/2n−1 represents the convergence rate of the Lasso estima-

tor β̂
Lasso

. The signs of b∗n,R are consistently estimated if minj∈R |b∗n,j| dominates the esti-

mation error. This means Assumption 4 holds when the denominator in the ratio of (2.27)

becomes nminj∈R |b∗n,j|. On the other hand, the zero subvector b∗n,Mc
0\R

of b∗n is estimated as

zero in Lasso estimation if the penalty n−1λnminj∈Mc
0\R ωj dominates the estimation error of

β̂
Lasso

. This means Assumption 4 holds when the denominator in the ratio of (2.27) becomes

λn minj∈Mc
0\R ωj . Therefore, these conditions ensure that sign(β̂

Lasso

Mc
0

) = sign(b∗n,Mc
0
) with

probability approaching 1, and consistent estimation of R can be achieved.

It should be noted that the recommended penalty parameters in (2.9) do not satisfy Assump-

tion 4. In the Appendix of the paper, we provide an algorithm for obtaining penalty parameters

that satisfy this assumption.

Theorem 2. Suppose that Assumptions 1, 2, and 4 hold. The selective test has asymptotic level

α for any α ∈ (0, 1/2) under the null hypothesis (2.1). Moreover it is consistent against any

local alternative that satisfies

sup
x∈X

|gn(x)| ≻ κ (M⋆) (|M⋆|1/2 + log(n))n−1/2, (2.28)
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that is, P(T̂L > cvL,α) → 1.

Theorem 2 again demonstrates that the selective test adapts to the latent complex structure

of the unknown function gn(x) measured by M⋆. The rate in (2.28) depends solely on the

unknown “oracle” selection M⋆, which is achieved through consistent estimation of R in Lasso

estimation under (2.27). The term |M⋆|1/2 in (2.28) can be replaced by log(1 + |M⋆|)1/2, if

Assumption 2(iv) holds with M0 replaced by M⋆. In this scenario, Theorem 2 can be further

refined to show that the selective test is consistent against local alternatives that decay to zero

at a rate slower than κ (M⋆) log(n)n−1/2.

The selective test can also be applied to test other features, such as the derivatives of gn(x),

with some modifications to the test statistic and the critical value. For example, suppose x

is univariate and the research interest is in testing ∂gn(x)/∂x = 0 for all x ∈ X . In this

case, the test statistic and the critical value are defined similarly to T̂L and cvL,α, with PL(x)

in the latter replaced by ∂PL(x)/∂x. Assumptions 1 and 2(vii) shall hold for ∂gn(x)/∂x and

ζ̃
L

m ≡ supx,x′∈X ||∂P (x)/∂x − ∂P (x′)/∂x||/||x − x′|| respectively, to ensure that the main

results presented in Theorems 1 and 2 still apply.

Consistent with the theory, simulation results presented below show that the proposed se-

lective test not only controls size much better than the existing non-selective test, but is also

notably more powerful. We next turn to the details.

3 Monte Carlo Simulations

3.1 The simulation setting

We examine the finite-sample size and power properties of the proposed test using the following

data generating process (DGP). Consider a bivariate conditioning variable Xt = (X1,t, X2,t)

simulated as Xj,t = Zt + vj,t for j = 1, 2, where Zt is an autoregressive process generated by

Zt = ρZt−1 + (1− ρ2)1/2ηt,
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and ηt, v1,t, and v2,t are i.i.d. standard normal random shocks. We set ρ = 0.5 or 0.8 so that

Xt may have different levels of autocorrelation. The variance of Zt is normalized to unity. The

dependent variable Yt is further generated according to Yt = g(Xt) + ϵt, where

g(x) =
δ exp(x1 + x2)

1 + exp(x1 + x2)
, ϵt = exp(Zt)ϵ

∗
t , ϵ∗t

i.i.d.∼ N (0, 1) .

The ϵ∗t shock is independent of the other processes, but the disturbance term ϵt in the nonpara-

metric regression features conditional heteroskedasticity. The δ parameter plays a key role in

our simulation design. When δ = 0, g (·) = 0 identically, so the null hypothesis holds. When

δ ̸= 0, the DGP is under the alternative hypothesis and δ quantifies how far the alternative de-

viates from the null. Below, we set δ = 0 for the size analysis and use δ ∈ {0.1, 0.2, . . . , 1} to

trace out a test’s power curve. The sample size is set as n = 150, 250, or 500, which is empir-

ically relevant for typical time series applications. The number of Monte Carlo replications is

10,000.

To implement the selective test, we choose the Lasso penalty parameters according to (2.9),

and then implement the test as described in Section 2.2. The prior choice set M0 contains only

the constant term, which is our default recommendation. For comparison, we also consider two

other tests. The first is the non-selective test of [8] and [32], which rejects the null hypothesis

when T̂M exceeds the 1−α quantile of T̃ ∗
M given data; recall the definitions in (2.7) and (2.13).

The second is the uncorrected selective test, which rejects the null hypothesis when the selective

test statistic T̂L exceeds the 1 − α quantile of T̃ ∗
L ≡ T̃ ∗

S |S=L given data (i.e., it does not correct

for the truncation effect). For simplicity, we refer to the three tests under consideration as the

selective, non-selective, and the uncorrected test, respectively.

We use cubic splines to generate bivariate approximating functions. In particular, we trans-

form Xj,t onto [0, 1] using its empirical cumulative distribution function (here calibrated to a

normal distribution) and then rescale it linearly onto the [−1, 1] interval. The univariate cubic
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spline functions are given by

Lj (x) =


xj−1, if j = 1, . . . , 4

max(x− tj−4, 0)
3, if j > 4

,

where the knots t1, ..., tj−4 are equally spaced between [−1, 1]. For any integer m′ ≥ 2, we

generate m = m′(m′−1)/2 bivariate series functions by collecting Lj1(x1)Lj2(x2) for j2, j2 ≥

1 and j2 + j2 ≤ m′.

Finally, in order to examine how the finite-sample performance of the tests depends on the

pre-specified dictionary M, we consider m′ = 4, 6, 8 and 10; the corresponding dictionary M

contains m = 6, 15, 28 and 45 terms, respectively.

3.2 Simulation results

We start with discussing the results from the size analysis (i.e., δ = 0). Table 1 presents the

finite-sample rejection rates of the selective, non-selective, and uncorrected tests at the 5%

significance level under the null hypothesis. Since the results for the ρ = 0.5 and 0.8 cases are

similar, we shall focus our discussion on the former for brevity.

[Table 1 Here]

Panel A of Table 1 shows that the proposed selective test controls size quite well. Specifi-

cally, we observe that the test’s null rejection rates are generally very close to the 5% nominal

level in all specifications of the sample size and the number of approximating functions in the

dictionary. The results for the non-selective test, reported on Panel B, show a sharp contrast.

When m = 15, the non-selective test shows some nontrivial over-rejection (with 19.4% rejec-

tion rate) when n = 150, though this is a small-sample phenomenon, because the size distortion

diminishes quickly as we increase the sample size to n = 500, consistent with the asymptotic

theory of [8] and [32]. However, the over-rejection becomes substantially more severe for larger
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M. Indeed, when m = 45, the non-selective test mistakenly rejects the null hypothesis more

then 60% of the time when the sample size n = 150, and the rejection rate is still above 40%

even when n = 500.

The size distortion of the non-selective test is perhaps not surprising: Since it always em-

ploys all approximating functions in M for the series estimation, the growing-dimensional

asymptotics does not provide an adequate finite-sample approximation when the dimension

grows “too fast” relative to the sample size. This does not appear to be an issue for the selective

test, because the data-driven selection removes most candidate approximating functions (which

are all irrelevant under the null hypothesis), and hence, substantially reduces the “effective di-

mensionality” of the series inference.

This intuition is further corroborated by the results shown on Panel C for the uncorrected

test. Since the uncorrected test is based on the same Lasso-assisted selection, it also benefits

from the aforementioned dimension-reduction effect. Looking at the m = 45 case in Panel

C, we indeed see that the size distortion of the uncorrected test is much smaller than that of

the non-selective test. That being said, it is important to observe that the uncorrected test often

over-rejects by a nontrivial amount when the sample size is relatively small, and so, is inferior to

the proposed selective test in terms of size control. Recall that the selective and the uncorrected

tests share the same test statistic T̂L and they differ only in the construction of critical values.

This comparison thus directly demonstrates the necessity of accounting for the truncation effect

induced by the data-driven selection as we have discussed in Section 2.2.

The size analysis shows that the proposed selective test has excellent size control, even in

adversarial situations with a small sample size and/or a large number of candidate approximat-

ing functions. In contrast, the non-selective and the uncorrected tests are able to control size

properly only when m is relatively small and may suffer severe size distortion in general. The

selective test is clearly the most reliable method among the three.

Next, we compare the finite-sample power of these tests. For brevity, we focus on the

setting with n = 500. Since the non-selective and uncorrected tests generally suffer nontrivial

size distortions, directly comparing their power with that of the selective test is problematic,

as the most size-distorted test may (misleadingly) appear to be the most powerful. We thus
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focus on the size-adjusted power instead. Figure 1 plots the size-adjusted power curves for the

selective, non-selective, and uncorrected tests for m = 15 and 45.17

[Figure 1 Here]

Looking at Figure 1, we first note that the size-adjusted power curves of all three tests

hit the 5% nominal level at δ = 0 by construction and, as expected, their rejection rates are

increasing in δ. From the top row of the figure, we see that the proposed selective test and

the uncorrected test have similar power properties when m = 15, and they are more powerful

than the benchmark non-selective test. The latter finding is consistent with the intuition that the

Lasso-assisted selection helps the tests seek power in a targeted fashion.

The case with “many” candidate approximation functions (i.e., m = 45) displayed on the

bottom row of Figure 1 shows a more striking contrast. Indeed, the size-adjusted power of

the proposed selective test is far higher than that of the non-selective test, and the former also

outperforms the uncorrected test by a notable margin. These findings suggest that the non-

selective and uncorrected tests not only suffer non-trivial size distortions as seen in Table 1, but

also deliver worse trade-offs between size and power than the proposed selective test.

In summary, the simulation study shows that the proposed selective test has excellent size

control across a broad range of scenarios, and is notably more powerful than the non-selective

test. These findings clearly demonstrate the usefulness of our proposal relative to that bench-

mark. We also see that the “naive” uncorrected selective test generally has nontrivial size distor-

tion, which confirms the necessity of adopting our novel critical value. In light of these findings,

we recommend the selective test for practical applications.

17The case with m = 28 is bracketed by these two “corner” cases with similar patterns, and so, is
omitted for brevity.
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4 An Empirical Application on Inflation Forecasting

4.1 The setting

We illustrate the proposed selective test in an empirical setting as described in Example 1,

concerning the conditional evaluation of forecasting methods. By directly attacking the func-

tional hypothesis (2.1), the test may be regarded as a formal nonparametric version of the

“parametrized” test proposed in the original work of [27]. In this exercise, we take the user’s de-

sire for carrying out conditional evaluation as given and refer the reader to [27] for a discussion

on the trade-off between the conditional and unconditional evaluation approaches.

We consider forecasts for the U.S. inflation measured by the monthly Consumer Price Index

(CPI). Forecasting inflation is evidently of great interest to households, businesses, and policy-

makers. It is especially important for the conduct of money policy since the key role of many

central banks is to maintain price stability. As noted by [40], accurately forecasting inflation has

been a challenging task and some conventional econometric models have difficulty in beating

even the simple random walk model. Meanwhile, machine learning methods combined with

“big data” have been shown to deliver superior predictive ability in many applied areas. In a

recent paper, [37] demonstrate the value of such methods for forecasting inflation. Set against

this background, we compare the conditional performance of six forecasting methods: the ran-

dom walk model (RW), the autoregressive (AR) model with the autoregressive order determined

by the Bayesian information criterion, the diffusion indexes (DI) approach of [39], the Lasso

method developed in [41], the elastic net (ElNet) proposed by [45], and the random forest (RF)

method of [13]. The implementation details for these well-known methods are relegated to the

supplemental appendix to save space.

Our goal is to demonstrate the empirical applicability of the selective test and further high-

light its advantage over the benchmark non-selective approach in a concrete real data setting. To

clarify, we do not attempt to rely on this small-scale study to promote any specific forecasting

method. We simply consider the current setting as a representative example for many similar

forecasting or prediction problems that have attracted much attention in the recent accounting,

economics, and finance literature, in face of the fast development and adoption of machine
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learning methods.

We obtain data for the CPI and various predictor variables from the FRED-MD dataset,

which is a leading macroeconomic database constructed by [36].18 The dataset spans the period

from January 1960 to December 2021 and contains 117 variables that are free from any missing

value. All variables are updated on a monthly basis and are transformed to achieve stationarity.

Using this dataset, we apply the aforementioned six methods to construct τ -month-ahead fore-

casts for the CPI, with τ = 1 or 3, corresponding to monthly or quarterly forecasting horizons.

The forecasting models are estimated under a 180-month rolling window scheme. The (pseudo)

out-of-sample evaluation sample then spans the 1990–2021 period, containing n = 384 monthly

observations in total.

To carry out the evaluation, we employ the absolute deviation loss function L(f, f ∗) =

|f − f ∗|. Denote the sequence of forecasts generated by the jth method by (Fj,t+τ )1≤t≤n. The

ex post predictive loss is then given by L(Fj,t+τ , CPIt+τ ). Following [27], the conditional equal

predictive ability (CEPA) hypothesis for the (j, k) pair of forecasts corresponds to (2.1) with

Yt = L(Fj,t+τ , CPIt+τ )− L(Fk,t+τ , CPIt+τ ).

We consider a bivariate conditioning variable Xt = (Yt−τ ,MUt), where Yt−τ is the lagged

loss differential and MUt is the macroeconomic uncertainty index developed in [30]. Note that

the lagged loss differential was also used by [27], serving as the only conditioning variable

in their empirical analysis. Here, we further include the macroeconomic uncertainty index to

enrich the conditioning information set. This is an empirically relevant way to make the task

of nonparametric conditional evaluation more challenging and allows us to better highlight the

benefit of adopting the proposed selective test.

18The FRED-MD dataset is available from Michael McCraken’s webpage; see
https://research.stlouisfed.org/econ/mccracken/fred-databases/.
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4.2 Empirical results

For each pair of competing forecasts and for each horizon τ , we test the CEPA hypothesis

at 10% significance level by using both the selective test and the non-selective test. The six

forecasting methods generate 15 pairwise comparisons in total. The tests are implemented

following the same steps as in the simulation, except that we use the Newey–West estimator

for the ΣS matrix when τ = 3, with the Newey–West bandwidth parameter chosen as the

integer part of 1.2n1/3. In particular, the dictionary M of candidate bivariate approximating

functions is formed using tensor products of univariate cubic spline functions up to p terms.

In the empirical study, we consider p ∈ {4, . . . , 8}. The corresponding size of the dictionary

ranges from m = 15 to 45.

Recall from the Monte Carlo study that the non-selective test can be very sensitive to the

number of series terms m because it tends to reject more often when m is large even under

the null hypothesis. Meanwhile, the selective test is notably more robust to the user-specified

dictionary because it only relies on a much smaller subset of relevant approximating functions.

The same phenomenon still obtains under the present real data setting, as we shall show below.

[Figure 2 Here]

To summarize how the selective and non-selective tests depend on the user-specified dictio-

nary, we plot on Figure 2 the rejection rates (computed as the proportion of rejections across the

15 pairwise tests) as a function of the dictionary size m. From the figure, we observe that the

non-selective test indeed rejects quite often when m is large, reflecting the severe size distortion

of the non-selective test seen in the simulations. In particular, when m = 45, the non-selective

test almost always rejects. This could be worrisome in empirical work because, without being

aware of the size distortion issue, the applied researcher would have concluded that the test

becomes more powerful when more approximating functions are used in the nonparametric in-

ference. In view of the rejection pattern of the non-selective test, it also appears difficult to

devise a reasonable rule-of-thumb that can satisfactorily guard against the over-rejection issue

and mitigate its sensitivity with respect to the choice of the approximating functions.
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In contrast, Figure 2 also shows that the rejection rate of the proposed selective test is quite

stable across the board.19 This feature is desirable in empirical work, especially when the em-

piricist wants to conduct a nonparametric test for a new empirical problem (e.g., evaluating

some complicated nonlinear forecasting methods using a new dataset). In such a scenario, the

empiricist is unlikely to have a good sense a priori about in which “direction” the functional

null hypothesis may be violated, and so, needs to consider a large dictionary of candidate ap-

proximating functions. The selective test allows the empiricist to do so without running into the

issues encountered by the non-selective test as discussed above.

The observed stability of the selective test not only holds on average (in terms of rejection

rates as shown in Figure 2), but also obtains for individual tests (in terms of the rejection deci-

sions). To see this, we report in Table 2 the p-value for each selective test, with rejections at the

10% significance level highlighted in bold. To save space, we focus on the cases with p = 4,

6, and 8, corresponding to m = 15, 28, and 45, respectively. We see that varying m leads to

little changes in the rejection decision. This further highlights the robustness afforded by the

selective test.

Finally, we comment on the relative performance of the six forecasting methods under evalu-

ation. Rejecting the (two-sided) CEPA hypothesis signifies the difference in the state-dependent

performances of the competing methods. To gain further information on the “direction” of the

rejection, we follow the strategy of [27] and report in Table 2 the proportion of times that the

method in the column outperforms (gauged by the estimated conditional expectation of loss

differential) the method in the row. Based on the said testing results and auxiliary directional

information, we highlight three findings. First, in all scenarios, the random walk forecast is

significantly different from the others and exhibits clear underperformance. Second, the con-

ventional AR and DI methods tend to underperform the other three machine-learning methods

(i.e., Lasso, ElNet, and RF). Finally, it is difficult to statistically distinguish the conditional per-

formances of Lasso, ElNet, and RF, although the RF method often attains the lowest conditional

expected loss.

19The fact that the non-selective test rejects more often than the selective test does not mean that the
former is more powerful. Rather, this is likely due to the size distortion of the non-selective test as we
have seen in the simulation study.
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5 Concluding Remarks

Conditional moment restrictions may be tested by running a nonparametric series regression.

The guidance from the conventional theory is to search for power broadly by using a relatively

large number of approximating functions in the series estimation. The cost of doing so could be

concerning in practice: If some, even many, regressors are not important for capturing the main

features of the conditional expectation function, they may dilute power and, at the same time,

distort size. In view of the vast and burgeoning literature on machine-learning-based feature

selection, it appears rather natural to use this type of methods, such as Lasso, to select series

terms before running the nonparametric test. However, as this paper shows, the data-driven

selection itself may cause size distortion through restricting the score on a random polytope

(which in turn affects the score’s asymptotic normality). This take-home message complements

in an interesting way the “orthogonality-induced negligibility” phenomenon articulated by [10]

in a distinct semiparametric context. Our proposed critical value is effective in correcting for

this effect. The resulting selective test exhibits improved size and power properties, which is

consistent with the theoretical intuition. In this paper, we have focused on the Lasso method for

feature selection. The underlying strategy may be applied more broadly to the other variable-

selection methods, provided that a tractable characterization of the selection event is available.

This seems to be an interesting topic for future research.

APPENDIX: IMPLEMENTATION DETAILS

This appendix provides the additional details related to the implementation of the proposed

selective test, which include (i) the exact expressions of bS(s), b′l,S(s), b
′
u,S(s), AS , and A′

S

that are needed in the definition of Π(S, s, λn); (ii) an alternative choice of penalty parameters

λγ,n and {ωγ,j}j∈Mc
0

which satisfy Assumption 4; and (iii) theoretical justification of the rec-

ommended λn and {ωj}j∈Mc
0

in (2.9) and the alternative choice of penalty parameters λγ,n and

{ωγ,j}j∈Mc
0
.
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Requisite definitions related to the selection event. We provide the precise definitions of

bS(s), b′l,S(s), b
′
u,S(s), AS , and A′

S for a given selection S satisfying M0 ⊆ S ⊆ M and a sign

configuration s ∈ {±1}|S\M0|. These quantities are used to define the polytope Π(S, s, λn) and

its proxy Π̂(S, s, λn). Let ωS\M0 and ωM\S denote the subvectors of ω ≡ (ωj)j∈Mc
0

indexed

by S \M0 and M\S , respectively. For ease of notation, we write A+ ≡ (A⊤A)−1A⊤ for any

matrix A with full column rank and adopt the convention that any matrix indexed by the empty

set is empty. The quantities of interest are defined as

bS(s) ≡ diag (s) (n−1P̃⊤
S\M0

P̃S\M0)
−1diag

(
ωS\M0

)
s,

b′l,S(s) ≡ −ωM\S − P̃⊤
M\S(P̃

+
S\M0

)⊤diag
(
ωS\M0

)
s,

b′u,S(s) ≡ ωM\S − P̃⊤
M\S(P̃

+
S\M0

)⊤diag
(
ωS\M0

)
s,

AS ≡
(
(n−1P̃⊤

S\M0
P̃S\M0)

−1,0|S\M0|×|M\S|
)(

−P⊤
Mc

0
(P+

M0
)⊤, I|Mc

0|
)
,

A′
S ≡

(
− P̃⊤

M\S(P̃
+
S\M0

)⊤, I|M\S|
)(

−P⊤
Mc

0
(P+

M0
)⊤, I|Mc

0|
)
.

(A.1)

Other choice of Lasso penalty parameters and justifications. The alternative choice of penalty

parameters λγ,n and {ωγ,j}j∈Mc
0
, which satisfy Assumption 4, are presented in the algorithm be-

low. This is followed by their theoretical justification, as well as the justification of the λn and

{ωj}j∈Mc
0

in (2.9).

ALGORITHM A (ALTERNATIVE CHOICE OF PENALTY PARAMETERS)

Step 1. Run a preliminary Lasso estimation with the resulting coefficient given by

γ̂ ≡ argmin
γ∈Rm

1

2

n∑
t=1

(Yt − P (Xt)
⊤γ)2 +

√
n log(m) log(log(n))

∑
j∈Mc

0

∥Pj∥n |γj|

 .
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Step 2. Set the penalty sequence in (2.8) as λγ,n = ∥γ̂∥0 log(m) log(log(n)).

Step 3. Set the weights in (2.8) as ωγ,j = σ̂γ ∥Pj∥n (∥Pj∥n |γ̂j/σ̂γ|+n−1/2)−1 for each j ∈ Mc
0,

where σ̂γ denotes the sample standard deviation of Yt − P (Xt)
⊤ γ̂.

Proposition 1. Suppose that: (i) ||A′
M0

P⊤ϵ||∞ = Op((n log(m))1/2); (ii) n−1
∑n

t=1 ϵ
2
t = σ2

ϵ +

op(1) for some σ2
ϵ bounded from above and away from zero; (iii) |M⋆| log(m) log(log(n))n−1 =

o(1). Then under Assumptions 1 and 2(i, ii), the penalty parameters λn and (ωj)j∈Mc
0

defined

in (2.9) satisfy Assumptions 2(iii) and 3. Moreover if

|M⋆|
√

log(m) log(log(n))

n1/2minj∈R |b∗n,j|
= o(1), (A.2)

then the penalty parameters λγ,n and (ωγ,j)j∈Mc
0

described in Algorithm A satisfy Assumptions

2(iii) and 4.
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Tables and Figures

Table 1: Monte Carlo Rejection Rates Under the Null Hypothesis

ρ = 0.5 ρ = 0.8

n = 150 n = 250 n = 500 n = 150 n = 250 n = 500

Panel A: Selective Test

m = 15 0.056 0.052 0.052 0.051 0.054 0.047

m = 28 0.059 0.057 0.049 0.057 0.055 0.054

m = 45 0.067 0.058 0.049 0.064 0.059 0.050

Panel B: Non-Selective Test

m = 15 0.194 0.118 0.067 0.190 0.110 0.068

m = 28 0.567 0.327 0.159 0.577 0.343 0.166

m = 45 0.688 0.670 0.450 0.722 0.681 0.446

Panel C: Uncorrected (Selective) Test

m = 15 0.069 0.062 0.056 0.066 0.060 0.054

m = 28 0.099 0.084 0.062 0.092 0.080 0.073

m = 45 0.124 0.095 0.075 0.115 0.102 0.080

Note: This table reports the rejection rates of the selective test, the non-selective test, and the
uncorrected selective test at the 5% significance level under the null hypothesis (i.e., δ = 0).
These results are generated for a variety of specifications under which the autoregressive coeffi-
cient ρ ∈ {0.5, 0.8}, the number of candidate basis functions m ∈ {15, 28, 45}, and sample size
n ∈ {150, 250, 500}. The rejection rates are computed based on 10,000 Monte Carlo replica-
tions.
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Figure 1: Simulation Results: Size-adjusted Power Curves

Note: This figure plots the size-adjusted Monte Carlo rejection rates of the selective test (solid),
the non-selective test (dotted), and the uncorrected selective test (dashed) at the 5% significance
level (highlighted by the shaded area) over δ ∈ {0, 0.1, 0.2, . . . , 1}. Results for m = 15 (resp.
m = 45) are reported on the top (resp. bottom) row. Results for ρ = 0.5 (resp. ρ = 0.8) are
reported on the left (resp. right) column. The sample size is fixed at n = 500. The rejection
rates are computed based on 10,000 Monte Carlo replications.
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Figure 2: Rejection Rates of Selective and Non-Selective Tests for Inflation Forecasts
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Note: This figure reports the rejection rates of 10% level selective and non-
selective tests (averaged across the 15 pairwise comparisons among six fore-
casting methods) as functions of the number of candidate approximating
functions m in the dictionary.
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