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Summary
This article explores a general factor structure for high-dimensional nonstationary functional

time series, encompassing a wide range of factor models studied in the existing literature. We
investigate the asymptotic spectral behaviors of the sample covariance operator under this general
data structure. A novel fundamental sufficient condition, formulated in terms of a new introduced
effective rank tailored to this setup, is established under which empirical eigen-analysis yields
spurious results, rendering sample eigenvalues and eigenvectors unreliable for accurately recovering
the underlying factor structure. This generalizes the results of Onatski & Wang (2021) from typical
high-dimensional time series (HDTS) to the more intricate functional framework. The newly
defined effective rank is rigorously analyzed through a decomposition of the effects attributable to
functional factor loadings and functional factors. Contrary to the findings in the HDTS setting,
empirical eigen-analysis of models with only a small number of strong non-stationary factors
may still produce spurious limits in the functional framework. Therefore, additional caution
is warranted when applying covariance-based statistical methods to potentially nonstationary
functional data. Simulation studies are performed to determine conditions under which spurious
limits occur. Real data analysis on age-specific mortality rate data from multiple locations is
conducted for evidence of spurious factors induced by empirical eigen-analysis.

Some key words: Factor Structure; High-dimensional Functional time series; Non-stationarity; Sample
Covariance Operator; Spurious Analysis.

1. Introduction
Functional data analysis concerns random observations that take values in spaces of func-

tions, typically square-integrable function spaces over compact intervals. Such data have gained
substantial attention over the past few decades, both among theoreticians and researchers in
applied fields (see, e.g., Hsing & Eubank, 2015; Wang et al., 2016, 2015; Koner & Staicu, 2023;
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Ramsay & Silverman, 1997). To address the inherent infinite-dimensional nature of functional data,
dimension-reduction techniques—such as functional principal component analysis and functional
factor models—are widely employed (Hall & Hosseini-Nasab, 2006; Benko et al., 2009; Shang,
2014; Hall et al., 2006).

Functional time series constitute a special class of functional data in which the observed random
functions exhibit serial dependence. In the univariate functional time series setting, a substantial
body of literature has extended classical time series methodologies to the functional framework
(Hörmann & Kokoszka, 2012, 2010; Hyndman & Shang, 2009; Aue et al., 2015; Horváth et al.,
2014, see, e.g., and references therein).

The analysis of multiple functional time series, particularly in high-dimensional regimes where
the number of series is comparable to or exceeds the sample size, has received growing attention;
see, for example, Gao et al. (2019); Jiménez-Varón et al. (2024); Hallin et al. (2023); Chang
et al. (2024b,a); Guo et al. (2024); Leng et al. (2024). A central difficulty in this setting is the
coexistence of multiple sources of dependence: within-curve dependence across the functional
domain, serial dependence over time, and cross-sectional dependence across series. Each component
may be high-dimensional. For instance, the Japanese sub-national mortality data analysed in
Jiménez-Varón et al. (2024) comprise 46 functional time series observed over 50 years, with each
annual observation recorded on a grid of 110 points.

Dimension-reduction methods for multivariate and high-dimensional functional time series
include extensions of functional principal component analysis (see, e.g., Gao et al., 2019; Chiou
et al., 2014; Happ & Greven, 2018; Di et al., 2009; Zapata et al., 2022) and functional factor
models (see, e.g., Jiménez-Varón et al., 2024; Hallin et al., 2023; Chang et al., 2024b,a; Guo et al.,
2024; Leng et al., 2024). These approaches approximate the data by low-rank representations and
are effective when the underlying data-generating mechanism is itself approximately low-rank.

Many of the classical methods discussed above are primarily developed under the assumption of
stationarity. In recent years, however, increasing attention has been devoted to the non-stationary
setting (see, e.g., van Delft & Eichler, 2018; van Delft & Dette, 2021; Chang et al., 2016; Li et al.,
2023; Horváth et al., 2014). For non-functional data, it is well established that directly applying
principal component analysis (PCA) or factor analysis to high-dimensional non-stationary time
series can lead to spurious conclusions. In such settings, temporal dependence may dominate
cross-sectional dependence, even when strong common factors are present. As a result, the leading
eigenvalues obtained from the standard PCA procedure primarily reflect serial dependence rather
than genuine cross-sectional correlation. Consequently, the extracted components may fail to
represent the underlying factor structure and instead capture persistent time dynamics.

This issue was rigorously studied by Onatski & Wang (2021), who showed that standard principal
component analysis (PCA) may produce spurious factors when applied to high-dimensional
integrated time series lacking a genuine low-rank structure. Even in the absence of true common
factors, the leading sample principal components can explain a large fraction of the total variance,
leading to erroneous inference. They further established that, under high-dimensional asymptotics,
the sample eigenvalues and eigenvectors converge to functionals of a Wiener process, irrespective
of the underlying covariance structure, indicating that strong temporal dependence can dominate
the spectral behavior. Building on this framework, He & Zhang (2024) extended the analysis
to models with more general forms of temporal dependence beyond the unit root case. They
also derived the asymptotic distributions of the sample eigenvalues, which enable formal tests to
distinguish genuine factors from spurious ones. To mitigate the occurrence of spurious factors in
practice, Zhang et al. (2025) proposed a data-adaptive method to identify the underlying structure
of high-dimensional time series before conducting eigen-analysis.

The present paper investigates the emergence of spurious phenomena in high-dimensional
functional time series, with an extra functional dimension. We consider a general high-dimensional
functional factor model with non-stationary factors that encompasses several existing frameworks
in the literature (see, e.g., Hallin et al., 2023; Tavakoli et al., 2023; Guo et al., 2024; Leng
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et al., 2024). In parallel with results from the high-dimensional literature, under mild rank-type
conditions on the covariance operator of the process, the empirical eigenvalues and eigen-functions
converge to a spurious limit that fails to represent the genuine covariance structure. As a result,
methodologies relying on functional principal component analysis can produce inconsistent or
misleading conclusions in the presence of non-stationarity.

We generalize the core results of Onatski & Wang (2021) to the setting of high-dimensional
functional time series (see Theorem 1). The infinite-dimensional nature of functional observations
introduces substantial technical challenges and gives rise to asymptotic behavior that is qualitatively
different from that observed in finite-dimensional settings. In particular, the conclusions of our
main theorems diverge significantly from those of Onatski & Wang (2021), highlighting structural
features that are intrinsic to functional data. We elaborate on these distinctions below.

Onatski & Wang (2021) introduce a sufficient condition for the emergence of a spurious limit
based on the notion of an “effective rank,” which characterizes the extent to which the model
can be well approximated by a low-rank structure. They show that models with a large effective
rank are prone to exhibiting spurious limits. In our setting, however, the concept of effective rank
becomes more challenging due to an additional layer of dependence inherent in functional data.
For high-dimensional (or multivariate) functional time series, the covariance operator encodes
both cross-sectional dependence across coordinates and dependence along the functional domain.
Disentangling these two sources of dependence requires additional technical work in order to
derive results that admit a clear interpretation; see Theorem 2 and Corollary 1.

Furthermore, the existing theoretical framework does not accommodate models with a fixed
number of strong factors. In contrast, this restriction is relaxed in our setting due to the intrinsic
high dimensionality of functional data. Specifically, Theorem 2 establishes that even models driven
by only a small number of strong non-stationary factors may converge to the spurious limits
characterized in Theorem 1. This constitutes a substantial departure from the settings considered
in Onatski & Wang (2021) and He & Zhang (2024), where a finite number of strong factors
are treated as genuine and thus do not converge to spurious limits. Our findings indicate that,
in the functional framework, the presence of an apparently well-defined factor structure does
not safeguard against spurious eigenstructure in practice. Consequently, particular caution is
warranted when applying covariance-based methods to non-stationary functional time series, even
in the presence of strong factors.

The remainder of the paper is organized as follows. Section 2.1 introduces the model under
consideration, and Section 2.2 presents several illustrative examples together with their connections
to the existing literature. Section 2.3 defines the principal mathematical objects of interest, namely
a class of sample covariance operators, and introduces the notation and preliminary results
required for the development of our theory. Section 3.1 states and discusses the main assumptions
underlying our theoretical analysis, while the primary results are presented in Section 3. Further
discussion of the key sufficient condition, Assumption 2, is provided in Section 3.3, where we also
establish additional theoretical results that clarify the circumstances under which spurious limits
arise. Section 4 reports simulation results and examines their implications in light of the theory.
In Section 5, we apply our methodology to empirical datasets. Finally, Section 6 summarizes the
main findings and proposes a conjecture motivated by several notable simulation patterns for
future investigation.

Finally, we will introduce some notations for the rest of the paper. Throughout the paper, for a
separable Hilbert space H, we write ⟨·, ·⟩H and ∥·∥H for its inner product and the associated norm.
We will routinely drop the subscript H and simply write ⟨·, ·⟩ and ∥·∥ when the context is clear.
For elements f, g on H, we write f ⊗ g for the bounded linear operator h 7→ f⟨h, g⟩. For a vector
x = (x1, . . . , xn) ∈ Rn, we write ∥x∥0 = |{i ≤ n, xi ≠ 0}| for the number of non-zero coordinates
of x and ∥x∥p = (

∑
i≤n xp

i )1/p for the usual ℓp norm of x. For p ∈ N, we write Hp = ⊕p
k=1H for

the external direct sum of p copies of H endowed with the usual inner product. Elements of Hp

will be denoted as f = (f1, . . . , fp) where fi ∈ H for 1 ≤ i ≤ p. For a bounded linear operator A
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on H, we write ∥A∥ and A∗ for the operator norm and the adjoint of A respectively. The rank,
the trace, the nuclear norm and the Hilbert-Schmidt norm of A will be denoted as ∥A∥0, ⟨A⟩,
∥A∥1 and ∥A∥2 respectively, whenever they are finite. For Hilbert-Schmidt operators A, B on H,
we write ⟨A, B⟩ = ⟨A∗B⟩ for the natural inner product in the Hilbert space of Hilbert-Schmidt
operators on H. For sequences (an)n∈N and (bn)n∈N, we write an ≲ bn if an ≤ cbn for all n for
some positive constant c independent of n. We write an ∼ bn if an ≲ bn and bn ≲ an. We write
an ≪ bn or an = o(bn) if an/bn → 0 as n → ∞ and an ≫ bn if bn ≪ an. Finally, we use Op and
op to denote the usual notions of stochastic compactness and convergence in probability.

2. Setup: Model and Assumptions
2.1. A General Functional Factor Model

Let H = L2(I) be the Hilbert space of square integrable functions on some compact interval
I and Hp = ⊕p

k=1H be the external direct sum of p copies of H endowed with the usual inner
product. We consider an integrated p-dimensional functional time series X = (X1, . . . , XT ) of
length T taking values on Hp. We assume X follows the functional factor model below

Xt(u) = (ΨFt)(u) + ζt(u), u ∈ I, (1)

where (Ft)t is an integrated functional time series on HK for some K < p, the function Ψ is a
bounded linear operator from HK to Hp, and (ζt)t is a stationary functional time series on Hp

with mean zero and covariance operator Cζ . It is natural to view (1) as a functional factor model
with non-stationary factors (Ft)t and factor loading operator Ψ. This functional factor model takes
a general form in the sense of both factors and loadings being functions, which covers common
factor styles in relevant literature Hallin et al. (2023); Guo et al. (2024) and Leng et al. (2024).

Analogous to Onatski & Wang (2021), the functional factor (Ft)t is assumed to be a random
walk on HK of the form Ft =

∑t
s=1 ϵs where ϵt = (ϵ1t, . . . , ϵKt)⊤ and (ϵkt)kt is a collection of

independent random functions in H with mean zero and covariance operator Cϵ. The linear operator
Ψ is assumed to be a matrix of integral operators, i.e., there exists a collection (Ψik)i≤p,k≤K of
integral operators such that

(Ψϵt)(u)i =
K∑

k=1

∫
I

Ψik(u, v)ϵkt(v)dv, u ∈ I,

where Ψik(·, ·) denotes the integral kernel of the integral operator Ψik. This structure is also
adopted by Leng et al. (2024). We will write Ψ(·, ·) as the matrix of kernel functions (Ψik(·, ·))ik

and write the above equation in the matrix form

(Ψϵ)(u) =
∫

I
Ψ(u, v)ϵ(v)dv, u ∈ I.

Additional technical assumptions on the model are discussed in Section 3.

2.2. Model Generality
Our framework is built upon a highly general functional factor structure in which both the factors

F and the factor loadings Ψ are functional objects. This formulation is conceptually related to the
dual functional factor model proposed by Leng et al. (2024); however, their analysis is restricted
to stationary time series. The fully functional factor structure specified in (1) encompasses a
broad class of existing models as special cases. We now illustrate this generality by presenting
several concrete examples and discussing their connections to the literature.

Example 1. (Functional Loadings).



5

Suppose the factors Fkt takes the form of

Fkt(·) = F̃ktg(·)

for some deterministic function g ∈ H and real random variables (F̃kt)kt. Set

Ψ̃(·) =
∫

Ψ(·, v)g(v)dv,

then our factor structure in (1) reduces to the functional factor model of Hallin et al. (2023) and
Tavakoli et al. (2023) with factors (F̃kt)kt and factor loading operator Ψ̃. In this case the factor
loading is a functional object while the factors is given by a multivariate time series on RK .

Example 2. (Functional Factors).
Suppose the factor loadings are given by

Ψik(u, v) = δ(u − v)Ψ̃ik

where Ψ̃ = (Ψ̃ik)ik is a p × K real matrix and δ is the Dirac δ function at zero. Then we have

(ΨFt)(u) =
∫

I
δ(u − v)Ψ̃Ft(v)dv = Ψ̃Ft(u)

and our factor structure in (1) reduces to the functional factor model recently proposed by Guo
et al. (2024). In this case the factors are functional objects while the factor loadings are given by
a p × K real matrix.

We note that, under the factor structure in Example 1, both the cross-sectional dependence
and the dependence along the functional domain are entirely induced by the factor loadings. In
contrast, under the structure in Example 2, the cross-sectional dependence is determined by the
factor loading matrix, whereas the dependence along the functional domain is jointly driven by
the latent factors and the loading matrix. In our general framework, both types of dependence
emerge from the interaction between the factors and the factor loadings, as will become evident
from the main theoretical results.

The fully functional factor structure is also closely related to the study of non-stationarity and
cointegration in functional time series, topics that have attracted increasing attention in the recent
literature (see, e.g., Beare et al., 2017; Chang et al., 2016, and references therein). We present a
simplified example below to illustrate these connections.

Example 3. (Cointegrated Functional Time Series).
Suppose p = K = 1 and Ψ is a bounded linear operator on H of finite rank. Writing

∆Xt = Ψϵt + ∆ζt,

our model in (1) becomes the the Beveridge-Nelson decomposition of the cointegrated functional
time series studied in Beare et al. (2017); Chang et al. (2016). The rank of Ψ here represents the
dimension of the attractor space, i.e. the vectors h in the kernel of Ψ are the directions such that
the projection ⟨h, Xt⟩ is of I(0). Our model can be extended to be compatible with recent results
that study integrated time series of order I(d) where d can be fractional (see Li et al., 2023; Beare
& Seo, 2020). We do not pursue such extensions in our current work.

Finally, although our model is formulated with the factors F evolving as a random walk on
H, the framework in fact accommodates a broad class of temporal dependence structures, in the
spirit of Onatski & Wang (2021). In particular, the specification in (1) can be interpreted as the
Beveridge–Nelson decomposition of I(1) linear process on H exhibiting more general short-run
dynamics.

As demonstrated by our main results, the random-walk component of the factors asymptotically
dominates the behavior of the sample covariance operator, while mild deviations from pure



6

random-walk dynamics have asymptotically negligible effects. We conclude this section with an
additional example illustrating the range of temporal dependence structures encompassed by our
framework.

Example 4. (Multivariate Functional Time Series).
Suppose the factors (F1, . . . , FT ) ⊆ HK follow the model

Ft(u) =
N∑

n=1
Y n

t ϕn(u),

where (ϕn) is a complete orthonormal set of functions on H and for each n, the vector-valued
coefficients (Y n

t , t = 1, . . . , T ) follow a K-dimensional vector ARIMA model of the form

Φn(L)(1 − L)(Y n
t − Y n

0 ) = Θn(L)ϵn
t

where Φn and Θn are the matrix valued autoregressive and moving average polynomials. Assum-
ing causality of the ARIMA processes and writing Ψn(L) := Φn(L)−1Θn(L), the multivariate
Beveridge-Nelson decomposition of Y n

t is given by

Y n
t = Ψn(1)

∑
s≤t

ϵn
s + ζn

t ,

where (ζn
t )t is a stationary process given by ζn

t = −
∑∞

k=0
∑∞

i=k+1 Ψiϵ
n
t . Now, let Ψ : HK → HK

be a linear operator given by Ψ(aϕn) := Ψn(1)aϕn where a is an arbitrary vector in RK . The
factor process can then be written as

Ft(u) = Ψ
∑
s≤t

N∑
n=1

ϵn
s ϕn(u) +

N∑
n=1

ζn
t ϕn(u).

This representation shows that, the multivariate functional time series Ft(u) is also a special case
of the functional factor model in (1).

In light of Examples 1–4, the proposed functional factor model accommodates a rich variety of
cross-sectional and temporal dependence structures.

2.3. The Sample Covariance Operator Matrix
The analysis of the model (1) and the estimation of factors and factor loadings typically rely

on the eigen-analysis of the sample covariance operator 1
T

∑T
t=1[Xt ⊗ Xt] on Hp. In Euclidean

space, it is common practice to leverage on the duality between the column space and the row
space of a matrix and consider the T × T Gram matrix instead. In the context of functional data,
this estimation approach has also been taken in existing work (Benko et al., 2009; Leng et al.,
2024; Tavakoli et al., 2023) when estimating factors and factor loadings. We provide a formal
justification of this duality in Lemma A5 in Appendix.

Let X(u) := 1
T

∑T
t=1 Xt(u) be the sample mean. By Lemma A5, the sample covariance operator

of X has the same non-zero spectrum as the Gram matrix Ŝ = (Ŝst) given by

Ŝst : = 1
p

p∑
i=1

⟨Xis − Xi, Xit − Xi⟩ (2)

Let M denote the orthogonal projection onto the orthogonal complement of the T -dimensional
vector of ones, i.e. M := IT − T −11T 1′

T . Then we may write

Ŝ = 1
p

∫
U

(X(u) − X(u))′(X(u) − X(u))du = 1
p

∫
U

MX(u)′X(u)Mdu
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As will be shown, in cases where spurious behaviors arise, this Gram matrix is dominated by the
Gram matrix of the non-stationary part of the original data, which we will denote as

S̃ : = 1
p

∫
U

M(ΨF )(u)′(ΨF )(u)Mdu. (3)

Write Θ for the T × T upper triangular matrix with entries equal to 1 so that, based on the
random walk structure on F (u),

(ΨF )(u) = (Ψϵ)(u)Θ =
∫

I
Ψ(u, v)ϵ(v)Θdv.

By Fubini’s theorem, the Gram matrix S̃ can be written as

S̃ = 1
p

MΘ′
∫

I

(∫
I

ϵ(v)′Ψ(u, v)′dv

∫
I

Ψ(u, w)ϵ(w)dw

)
duΘM

= 1
p

MΘ′
∫∫

I2
ϵ(v)′

(∫
I

Ψ(u, v)′Ψ(u, w)du

)
ϵ(w)dvdwΘM =: 1

p
MΘ′WΘM,

where W denotes the T × T random matrix given by

W :=
∫∫

I2
ϵ(v)′Ω(v, w)ϵ(w)dvdw, (4)

and Ω(v, w) is the K × K matrix given by

Ω(v, w) :=
∫

I
Ψ(u, v)′Ψ(u, w)du, v, w ∈ I. (5)

Note that the transpose of Ω is given by Ω(v, w)′ =
∫

I Ψ(u, w)′Ψ(u, v)du = Ω(w, v), i.e. for any
i, j we have Ωji = Ω∗

ij . Proposition 1 below shows that Ω is a self-adjoint operator on HK .
In the analysis of the Gram operator S̃, we will often encounter certain compositions between

matrices of operators. For convenience, we provide a new definition on the operator product and
explore its basic properties.

Definition 1. (A New Operator-Matrices Product)
Let C1 and C2 be bounded linear operators on H and Ω = (Ωij) be a K × K matrix of bounded

linear operators on H for some fixed K. We define

C1ΩC2 := (C1ΩijC2)ij

to be the K × K matrix of operators where C1ΩijC2 is the common composition between operators.
The operator C1ΩC2 acts on HK by

(C1ΩC2f)i :=
K∑

j=1
C1ΩijC2fj , (fj)K

j=1 ∈ HK .

We develop some basic properties for such matrices of operators. The proofs can be found in
Section A.

Proposition 1. Let C1 and C2 be given as in Definition 1, and Ω is defined in (5). Then

1. The adjoint of Ω is given by (Ω∗)ij = Ω∗
ji, hence Ω is self-adjoint if and only if Ω∗

ij = Ωji.
Furthermore, the adjoint of C1ΩC2 is given by

(C1ΩC2)∗ = C∗
2 Ω∗C∗

1 .
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2. Suppose C1ΩiiC2 is a trace-class operator on H for all i = 1, . . . , K. Then C1ΩC2 is a trace
class operator on HK and its trace, denoted as ⟨C1ΩC2⟩, is given by

⟨C1ΩC2⟩ =
K∑

i=1
⟨C1ΩiiC2⟩.

3. Suppose the operator C1ΩijC2 is Hilbert-Schmidt on H for all i, j = 1, . . . , K. Then the
operator C1ΩC2 is Hilbert-Schmidt on HK and

∥C1ΩC2∥2
2 := ⟨C1ΩC2C∗

2 Ω∗C∗
1 ⟩ =

∑
ij

∥C1ΩijC2∥2
2.

3. Asymptotic Theory for Spurious Phenomenon
3.1. Assumptions

The following set of assumptions are made throughout the paper.

Assumption 1 (Moments Condition). Assume p → ∞ as T → ∞. Furthermore, suppose that

1. ϵ := (ϵit)it is a K × T matrix of independent random elements on H with E[ϵit] = 0 and
covariance operator Cϵ := E[ϵit ⊗ ϵit] for all i, t.

2. The fourth moment of ϵit is uniformly bounded in the sense that

κ∗
4 := sup

i,t
sup

u,v,α,β

E[ϵit(u)ϵit(v)ϵit(α)ϵit(β)]
Cϵ(u, v)Cϵ(α, β) < ∞.

Remark 1. The condition p → ∞ places the analysis in a high-dimensional regime, while no
restriction is imposed on the relative growth rates of p and T .

Assumption 1.1 ensures that the latent factors ϵ follow a covariance stationary process with
K independent components. The requirement that the elements of ϵ be independent across t =
1, 2, . . . , T may appear restrictive. However, this assumption can be readily relaxed to accommodate
common time-series structures such as ARMA models; see Example 4 in Section 2.2. The present
formulation of the factor structure is adopted for convenience, as it clearly distinguishes the I(1)
and I(0) components of the model, which is the main focus of this article.

Assumption 1.2 simply ensures that the latent factors have uniformly bounded 4-th moment.
The appearance of the covariance function Cϵ in the denominator takes into account the fact that
ϵit is an element of a Hilbert space and has a nontrivial covariance structure.

The following assumption on the covariance operators Cϵ and Ω outlines the key condition for
the emergence of spurious behaviours in sample covariance-based eigen-analysis.

Assumption 2 (Effective Rank). As p, T → ∞, the effective rank, based on the operators Cϵ

and Ω, satisfies

R := ⟨C1/2
ϵ ΩC1/2

ϵ ⟩/∥C1/2
ϵ ΩC1/2

ϵ ∥ → ∞. (6)

Remark 2. The ratio R is the effective rank of the operator C
1/2
ϵ ΩC

1/2
ϵ , a quantity widely

used in the high dimensional probability literature (Koltchinskii & Lounici, 2016; Rudelson &
Vershynin, 2010; Wainwright, 2019). A large effective rank indicates that the operator cannot be
well approximated by low-rank operators in the operator norm.

It is straightforward to see that the operator C := C
1/2
ϵ ΩC

1/2
ϵ , as defined in Definition 1, is

a self-adjoint, non-negative definite operator on HK . This implies ∥C∥2 ≤ ∥C∥2
2 ≤ ⟨C⟩∥C∥, from

which we obtain the estimates ⟨C⟩/∥C∥2 ≤ ⟨C⟩2/∥C∥2
2 ≤ ⟨C⟩2/∥C∥2. Therefore, Assumption 2 is

equivalent to the condition

∥C1/2
ϵ ΩC1/2

ϵ ∥2 ≪ ⟨C1/2
ϵ ΩC1/2

ϵ ⟩.
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We now offer several remarks on the interpretation of Assumption 2 and its relation to the
existing literature.

Remark 3. In the non-functional settings considered by Onatski & Wang (2021) and He &
Zhang (2023), the effective rank R is bounded below by the number of non-stationary factors
K. Consequently, condition (6) is ensured under the stronger but interpretable assumption that
K → ∞. This is also the framework within which Onatski & Wang (2021) and He & Zhang (2024)
develop the asymptotic theory for spurious phenomena.

We work directly under the intrinsic condition (6) in the functional setting. One reason is that
the lower bound R ≳ K no longer holds due to the presence of the operator Cϵ. In fact, condition
(6) reflects both the cross-sectional and the functional dependence structures in the data; see
Section 3.3 for further discussion. This represents a key distinction between the present paper and
the existing literature. We show that models with K ∼ p factors may exhibit no spurious behaviour,
while models with only a few factors may display pronounced spurious effects. Consequently,
even models with a small number of genuine non-stationary factors, eigen-analysis based on the
sample covariance can produce spurious results in the functional setting. Extra caution is therefore
required when applying eigen-analysis to potentially non-stationary functional time series.

It is worth noting that, in Section 3.3, we derive more interpretable results by establishing
upper and lower bounds for R under common time series models. These results provide clearer
insight into when spurious behaviour arises and how it relates to K.

Finally, the following assumption gives a lenient bound on the size of the error time series ζ.

Assumption 3 (Error Components). Assume that the error term (ζt, t = 1, . . . , T ) is a weakly
stationary time series on Hp with mean zero and covariance operator Cζ = E[ζt ⊗ ζt] ∈ Hp

satisfying

⟨Cζ⟩ ≪ T ⟨CϵΩ⟩, T → ∞. (7)

Condition (3) ensures ζ is negligible asymptotically compared to the non-stationary component
of the model. To illustrate the scope of this condition, suppose the components ζ1t, . . . , ζpt of
ζt have uniformly bounded covariance operators, in which case condition (7) is equivalent to
⟨CϵΩ⟩ ≫ pT −1. Drawing a parallel with the high dimensional factor modelling literature, it is
natural to assume that the strength of the factors increases with p, i.e. ∥Ω∥ ∼ p1−δ for some
δ ∈ [0, 1] (see Lam & Yao, 2012; Fan et al., 2021). Since Cϵ is a trace class operator, condition
(7) reduces to pδT −1 = o(1), which clearly holds for a wide range of high dimensional models. In
particular, condition (7) is trivially satisfied when the factors are “strong”, i.e. when δ = 0.

3.2. Main result
We are now ready to state the main result of our work.

Theorem 1. Let (λ̂t)T
t=1 be the eigenvalues of the sample covariance matrix Ŝ arranged in

non-ascending order and (ûn) be the corresponding eigenvectors. Suppose Assumptions 1-3 hold,
then for any fixed natural number k, as T → ∞, we have

(i) the sample eigenvector ûk satisfies

|⟨ûk, dk⟩| = 1 + op(1)

where dk ∈ RT with the t-th coordinate equal to dkt =
√

2/T cos(πkt/T ),
(ii) the sample eigenvalue λ̂k satisfies

λ̂k = T 2

k2π2p
⟨CϵΩ⟩(1 + op(1)),
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(iii) the percentage of variance explained by λ̂k satisfies

λ̂k∑
j λ̂j

= 6
(kπ)2 + op(1).

Theorem 1 gives the asymptotic limits of sample eigenvalues and eigenvectors as T tends to infinity.
Part (ii) states that the sample eigenvalues λ̂k tends to deterministic limits. There are several
observations to be made. First, the true covariance structure of the model, captured by Cϵ and Ω,
appears in the limit of the eigenvalue λ̂k only in the form of a tracial quantity. In particular, the
limit of λ̂k depends on the index k only through a factor of k−2 and is not related to the k-th
eigenvalue of Cϵ and Ω. Thus, the sample eigenvalues λ̂k do not capture any useful information
about the cross-sectional dependence structure of the model.

Furthermore, the limit of λ̂k is of order T 2p−1⟨CϵΩ⟩ for any fixed k, regardless of how many
factors are actually present in the model. In particular, even though the sample eigenvalues appear
to be decaying rapidly at the speed of k−2, any inference on the number of factors based on
sample eigenvalues is guaranteed to be misguided.

Lastly, we recall that in the factor modelling literature, the term ‘strong factors’ is typically
used to refer to factor loadings with ∥CϵΩ∥ ∼ p. However, we see that even under the assumption
of strong factors, the leading sample eigenvalues λ̂k are still of order T 2, which is much larger
than the strength of factors. This suggects that the non-stationarity in the model dominates the
covariance structure even in the presence of strong factors.

Part (i) of the theorem states that the estimated eigenvectors ûk, which are used as estimates for
‘factors’ in certain models (see Tavakoli et al., 2023; Leng et al., 2024) converge in probability to a
deterministic trigonometric function dk. It is important to note that this limit only depends on
the index k and is independent of the actual covariance structure of the model. Factors estimated
this way are hence labeled as spurious in nature since they do not relate to the true factors ϵ and
the factor loadings Ψ in any way at all.

The appearance of trigonometric functions in the limit is not surprising in this context. These
functions are precisely the eigenfunctions appearing in the Karhunen-Loéve expansion of a
demeaned standard Wiener process, which arises as the limit of a scaled random walk. As
explained above, the covariance structure in the spurious case is dominated by the non-stationarity
in the model instead of the cross-sectional dependence, and the factor estimates are essentially
estimating the eigenfunctions of the Wiener process.

Lastly, part (iii) of the theorem gives limits of the proportion of variance explained by each
sample eigenvalue. It can be seen that the limit is deterministic and does not contain any
information about the true factor structure Cϵ and Ω. As a consequence, any inference about the
factor strength based on the scree plot would be inaccurate.

3.3. Discussion on Assumption 2
Assumption 2 gives a sufficient condition for the emergence of the spurious limit similar to the

preceding works Onatski & Wang (2021) and He & Zhang (2024). The key quantity ⟨C⟩/∥C∥2, the
ratio between the trace and the Hilbert-Schmidt norm of the operator C = C

1/2
ϵ ΩC

1/2
ϵ , depends

on both the cross-sectional structure and the functional structure of the model. In certain special
cases, we can separate the two effects and give concrete bounds on this ratio, which allows us to
formulate sufficient conditions for Theorem 1 in terms of more basic model parameters.

By Mercer’s theorem, the operator Cϵ has a spectral decomposition given by

Cϵ =
∞∑

n=1
cnϕn ⊗ ϕn (8)
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where (ϕk)k is a complete orthonormal basis for H and (cn)n is a non-negative sequence in ℓ1.
Suppose that the factor loading operators (Ψik) are given by

Ψik =
q∑

n=1
anikϕn ⊗ ϕn (9)

for some collection of real numbers (anik)nik satisfying supn

∑
i,k a2

nik < ∞. For n ∈ N, define the
matrices An = (anik)ik and Bn = AnA′

n. Essentially, cnBn is the covariance matrix of the factor
part of the model Ψϵt projected component-wise to the one dimensional closed linear subspace of
H spanned by the function ϕn.

Under this specific structure for the factor loadings, we can formulate the following two-sided
estimates on the ratio ⟨C⟩/∥C∥2.

Theorem 2. Let Cϵ and Ψ be given as in (8) and (9). Suppose that the matrices (Bn, n ∈ N)
satisfy ∥Bn∥2 ≲ ∥Bm∥2 uniformly in n, m ∈ N. Then we have the upper bound

⟨C⟩
∥C∥2

≲
1

∥Cϵ∥2
sup
n∈N

⟨Bn⟩
∥Bn∥2

≤ 1
∥Cϵ∥2

sup
n∈N

∥Bn∥1/2
0 , (10)

and the lower bound
⟨C⟩
∥C∥2

≳
1

∥Cϵ∥2

(
1 + sup

n
cn

⟨Bn⟩
∥Bn∥2

)
≳

1
∥Cϵ∥2

(
1 + sup

n
cnα(Bn)1/2∥Bn∥1/2

0

)
, (11)

where α(Bn) denotes the ratio between the least non-zero eigenvalues and the largest eigenvalue of
Bn. The omitted constants in the above estimates are all uniform in T .

Theorem 2 allows us to separate condition (6) into a cross-sectional component captured by
the matrices (Bn, n ∈ N) and a functional component captured by the operator Cϵ. The term
⟨Bn⟩2/∥Bn∥2

2 is analogous to the ratio in Assumption A3 of Onatski & Wang (2021). It is bounded
from the above by the rank of Bn and from the below by the rank of Bn scaled by α(Bn) appearing
in the Theorem. Intuitively, this term measures the effective rank of the model projected in the
direction of ϕn. The term ∥Cϵ∥−1

2 serves as an effective rank of Cϵ which measures the decay of
the eigenvalues cn. When the decay is fast, the ratio is close to 1 and when the decay is slow, the
ratio is close to the actual rank of Cϵ, which can be infinite. For instance, if cn = q−11n≤q for
some fixed q > 0, then ∥Cϵ∥−1

2 = √
q which is equal to the square root of the rank of Cϵ. On the

other hand, suppose cn = 2−n for all n, then ∥Cϵ∥−1
2 =

√
3 even though the rank of Cϵ is infinite.

To facilitate the discussion, it is helpful to define the following two different regimes for Cϵ:

Definition 2. The operator Cϵ is said to be “localized” if ∥Cϵ∥2 is uniformly bounded away
from zero as T → ∞, and “delocalized” if ∥Cϵ∥2 → 0 as T → ∞.

The delocalized regime is when the factors are generated by an increasing number of basis functions
with comparable weights as T → ∞. A simple yet very general example of this can be seen by
setting cn := (aT )−δ1n≤(aT )δ for some fixed a > 0 and δ ∈ (0, 1] in the spectral decomposition
of Cϵ. The localized regime refers to when the factors are generated by an arbitrary number of
basis functions, but the weights (cn) rapidly decay to zero. In this setting ∥Cϵ∥−1

2 is bounded even
though the rank of Cϵ can be infinite.

As previously discussed in Section 3.1, the sufficient condition for the main theorem of Onatski
& Wang (2021) implies that the number of stochastic trends K in the data must diverge as
T → ∞. As a consequence, their main theorem necessarily exclude models with a finite number of
strong non-stationary factors. This observation is analogous to the upper bounds in (10) in our
case. In particular, under the localized regime defined above, condition (6) still implies K → ∞.
However, this is no longer the case under the delocalized regime. Condition (6) can in fact be
satisfied by models with a finite number of strong factors, as long as those factors are generated by
an increasing number of basis functions with comparable weights as T → ∞. This is an important
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distinction since it implies that functional time series with few strong non-stationary factors can
exhibit spurious behaviour as well. We will illustrate this through simulations in Section 4.

In addition to this, the lower bounds in Theorem 2 allows us to formulate sufficient conditions to
Theorem 1 in terms of basic model parameters. In fact, from (11) we can conclude that condition
(6) holds in the delocalized regime when all the Bn’s are comparable in ∥·∥2, regardless of their
actual rank. This is a significant departure from the conclusions in Onatski & Wang (2021) for
the non-functional case, since it shows concretely that a model with single (K = 1) integrated
functional factor can indeed tend to the spurious limit.

Finally, in the localized regime, a sufficient condition for (6) is the divergence of the quantity
cn⟨Bn⟩/∥Bn∥ for some n. By the second lower bound in (11), this is satisfied whenever the rank
of Bn diverges as T → ∞, and the quantities cn and α(Bn) do not decay too fast. This concretely
shows that a model with large effective rank in some direction ϕn with non-diminishing weights
has to tend to the spurious limit, which is in line with the findings of Onatski & Wang (2021).

For ease of referencing we summarize the above discussion into the following corollary.

Corollary 1. Suppose that the conditions of Theorem 2 are satisfied. Then condition 6 is
satisfied when Cϵ is delocalized, or when cn⟨Bn⟩/∥Bn∥2 diverges for some n.

4. Simulation Study
4.1. Setup

We start with a description of the data generating process. Recall from (1) the model

Xit(u) =
t∑

s=1

K∑
k=1

(Ψikϵks)(u) + ζit(u), (i = 1, . . . , p, t = 1, . . . , T ),

where (ϵkt)kt are independent random functions on H with mean zero and covariance operator Cϵ

and (ζit)it is a weakly stationary functional times series on Hp with zero mean and covariance Cζ .
For simplicity, we focus on the settings discussed in Section 3.3 and Theorem 2.

Fix q > 0 and let (ϕn)q
n=1 be a set of Fourier basis functions on H. We set

Cϵ =
∞∑

n=1
cnϕn ⊗ ϕn, (12)

where cn is a sequence of non-negative real numbers summing to one, to be specified below. Similar
to Leng et al. (2024) and Guo et al. (2024), we generate the factor process ϵ by setting

ϵkt(u) :=
q∑

n=1
Zn

ktϕn(u),

where (Zn
kt) is a collection of i.i.d. Gaussian variables with mean zero and variance equan to

var(Zn
kt) = cn for all k, t. For the noise time series ζ, we simply set

ζit(u) :=
q∑

n=1
W n

itϕn(u),

where (W n
it) is a collection of i.i.d. Gaussian variables with mean zero and variance equal to

var(W n
it) = 2−n for all i, t. Following (9), we generate the factor loadings {Ψik} by setting

Ψik(u, v) =
q∑

n=1
an

ikϕn(u)ϕn(v), (13)

where for each n = 1, . . . , q, the p × K matrix An := {an
ik}i,k is to be specified below.
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For the model parameters, we set T = 200, p = 100 and q = 20. Recall from Assumption 2 and
Theorem 1 that the sample covariance structure tends to a spurious limit whenever the ratio

R = ⟨C1/2
ϵ ΩC

1/2
ϵ ⟩2

∥C
1/2
ϵ ΩC

1/2
ϵ ∥2

2
.

diverges as T → ∞. From Theorem 2, it is clear that whether R diverges is determined by the
parameters K, the eigenvalues (cn)n in (12) and the matrices (An)n in (13). We will perform
simulations with various choices of these parameters described below.

For the number of factors we set K ∈ {50, 10, 2}. In He & Zhang (2023) and Onatski & Wang
(2021), the K = 2 setting represents as a model with genuine factors and is shown to be far from
the spurious limit, while the K = 50 setting represents a model with no genuine factors for which
spurious behaviours occur. We will see that this is not necessarily the case with functional data.

For the loading matrices (An, n ∈ N), we will consider the high rank setting where

An ∼ Gp,K (∗)

independently for all n ∈ N, where Gp,K denote a p × K matrix with i.i.d. standard Gaussian
random variables, and the low effective rank setting where

An ∼ p1/2Updiag({2−n/2}K
n=1, 0, . . . , 0)U ′

K (∗∗)

independently for all n ∈ N, where UN denotes an N × N random orthogonal matrix uniformly
sampled from SN−1 for N ∈ {p, K}. In setting (∗), each An has full column rank with high
probability, while in setting (∗∗), each An has low effective rank with

⟨AnA′
n⟩2

∥AnA′
n∥2

2
= 3(1 − 2−K)2

1 − 4−K
≪ K.

For the covariance operator Cϵ, we consider the following three scenarios by setting

cn = q−11n≤q, (A)
cn = 2−n1n≤q, (B)
cn = 2−11n≤2. (C)

In Setting (A), each basis function ϕn has equal weight and we have ∥Cϵ∥2
2 = q−1 = 0.02 which is

very close to zero. This represent the scenario where the operator Cϵ is delocalized as defined in
Definition 2. In Setting (B), the eigenvalues rapidly decay to zero and we have ∥Cϵ∥2

2 = 1/3. This
represents the situation where Cϵ is localized. Finally, a more extreme version of this is found in
Setting (C), where Cϵ is completely localized on two basis functionsand we have ∥Cϵ∥2

2 = 0.68.
We summarize the different combination of choices for An and Cϵ in Table 1.

Setting I Setting II Setting III Setting IV Setting V Setting VI
Cϵ (A) (B) (C) (A) (B) (C)
An (∗) (∗∗) (∗) (∗∗) (∗) (∗∗)

Table 1: Summary of the settings considered

For each setting in Table 1, we simulate X from the above data generating process with
K ∈ {50, 10, 2} and compute the leading eigenvalues and eigenvectors of the sample Gram matrix
defined in (2). We plot the top five sample eigenvectors for K ∈ {50, 10, 2} (red, green and blue
lines respectively) against the spurious limit (black line) as shown in Theorem 1. We also plot the
proportion of variance explained by each eigenvalue with the same color coding.
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4.2. Results
We start with settings that shows obvious spurious behaviour. Figure 1 plots the sample

eigenvectors of Setting I where Cϵ is in the delocalized regime and An is of high rank. It can be
seen that all sample eigenvectors as well as the sample eigenvalues closely resemble the spurious
limits.

Fig. 1: Setting I - Cϵ delocalized, loading matrices are of full column rank

This behaviour is in agreement with our theoretical results, since Corollary 1 states that spurious
limits must appear whenever Cϵ is delocalized. The results of Setting II (Cϵ delocalized with
An having low effective rank) are visually very similar to Figure 1 and are hence omitted. Most
importantly, these limits arise even in the case with only K = 2 factors, and in the case where An

has low effective rank, which marks a clear departure from previous results in He & Zhang (2024)
and Onatski & Wang (2021). This illustrates a crucial differences between functional data and
high dimensional data, where a large number of basis functions generating the data can act as an
additional source of dimensionality.

Figure 2 plots the results for Setting III where the eigenvalues of Cϵ is fast decaying and the
rank of each An is equal to K. As can be seen from Figure 2, the sample eigenstructure in Setting
III closely resembles the spurious limit for K = 50, however, as K decreases, visible deviations
from the limit can be observed. This is to be expected, since for Setting III, the first upper bound
in (10) is bounded from above by a multiple of K. By Theorem 2 this implies that condition (6)
is not satisfied when K is finite. The results for this setting is in line with the findings of Onatski
& Wang (2021) and He & Zhang (2024), where a small value of K represents the presence of
genuine factors.

Figure 3 plots the results for Setting IV where Cϵ has decaying eigenvalues and An has low
effective rank. It can be seen that the sample eigenstructure begins to visibly deviate from the
limit, regardless of the value of K. Similar to Setting III, this can be explained by the upper
bounds in (10) and Theorem 2. Note that in particular, having K diverge do not seem to guarantee
the presence of the spurious limit.

Figures 4 and 5 show the results for Settings V and VI, where Cϵ is completely localized on
two basis functions, and An has full rank and low effective rank respectively.

In Figures 4, the case K = 2 significantly deviates from the spurious limit. This effect is similar
to Setting III but is visibly more pronounced, since the effective rank of Cϵ, which is an important
quantity due to Theorem 2, is even smaller in Setting V. In Setting VI, the sample eigenstructures
all deviates from the spurious limit regardless of the value K, similar to Setting IV. The deviations
are more visibly pronounced compared to Setting IV due to the decrease in the rank of An.
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Fig. 2: Setting III - Cϵ localized, loading matrices are of full column rank

Fig. 3: Setting IV - Cϵ localized, loading matrices are of low effective rank

5. Empirical applications
We consider two age-specific mortality rate datasets as an empirical illustration of our results.

Our first data set contains age-specific and gender-specific mortality rates obtained from the
Human Mortality Database. The dataset consists of mortality rates for p = 32 countries observed
from 1960 to 2013 (n = 54). Since exposures and death counts are sparse at high ages, we aggregate
data with age over 100 into a single observation. The raw data is transformed into functional data
via smoothed using the demography package in R and the logarithm of the mortality rates are
computed. This dataset was considered in Tang et al. (2022) where a novel clustering algorithm is
proposed based on functional principal component analysis.

From the smoothed log mortality rates, we computed the covariance matrix as defined in (2) and
computed its eigenvalues and eigenvectors. Figure 6 plots the first four eigenvectors against the
spurious limits as found in Theorem 1. As can be seen, the sample eigenvectors closely resemble
the trigonometric curves in the spurious limit. This suggest that the mortality rates is likely
non-stationary and the number of non-stationary components in the data, as measured by the
effective rank of the model, may be large. In this case, as seen from Theorem 1, the covariance
structure is largey driven by the non-stationarity of the data and not the crossectional dependence
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Fig. 4: Setting V - Cϵ is of rank 2, loading matrices are of full column rank

Fig. 5: Setting VI - Cϵ is of rank 2, loading matrices are of low effective rank

in the data. This raises concerns about the validity of principal component analysis based methods
when analysing this dataset without differencing.

For comparison, we also consider the Japanese sub-national mortality rates observed for p =
47 prefectures over 1975-2022 (T = 48). Since the mortality rates are recorded from different
prefectures in the same country, it is reasonable to expect a higher level of homogeneity within
the across the 47 covariates. If the crossectional dependence (factor strength) is strong enough, i.e.
if the model has low effective rank in the sense of condition 6, it is possible to observe genuine
factors present in the model instead of the spurious limit.

Similar to the multi-country data set mentioned above, we aggregate ages above 100 before
smoothing and taking the logarithm. Figure 7 shows the sample eigenvectors of the covariance
matrix defined in (2) plotted against the spurious limits of Theorem 1. The eigenvectors still
resemble the spurious limits, but the effects are not as visually pronounced as in the multi-country
dataset. The second and third sample eigenvector show significant deviation from the trigonometric
limits at the year 2011. A possible explanation is the Tohoku Earthquake and Tsunami that took
place in March of 2011 which results in nearly 20,000 deaths (Nakahara & Ichikawa, 2013). In this
case, the eigenvectors could be thought of as genuine factors that contains relevant information
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Fig. 6: Sample eigenvectors of the covariance matrix of the male, female and total age-specific
mortality rates of 32 countries from 1960 to 2013

on the dataset and instead of being labeled as spurious. Nevertheless, the overall resemblance
between the sample eigenvectors and the trigonometric limits suggests that additional care should
be taken when dealing with the non-stationary nature of the dataset.

6. Conclusion and Future Work
We study the asymptotic spectral behavior of high-dimensional functional factor models with

non-stationary factors. Under a rank-type condition on the covariance operator, we show that
the conventional functional principal component analysis may yield spurious results, thereby
extending the findings of Onatski & Wang (2021) to the functional setting. In particular, the
sample eigenvalues and eigenfunctions are shown to converge to limits that are unrelated to
the true covariance structure. As a consequence, the leading principal components may explain
a substantial proportion of the total variation even when the underlying model contains no
genuine factors. Moreover, owing to the intrinsic high dimensionality of functional data, we
demonstrate that even a model driven by a single non-stationary factor can exhibit spurious
behavior. This represents a notable departure from the conclusions of Onatski & Wang (2021)
and He & Zhang (2024). Simulation studies are conducted to illustrate the theoretical results and
to explore scenarios in which spurious behavior arises. As an empirical application, we analyze
two multivariate age-specific mortality datasets and show that they exhibit spurious behavior
under the standard functional principal component analysis procedure.
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Fig. 7: Sample eigenvectors of the covariance matrix of the male, female and total mortality rates
of 47 Japanese prefectures from 1975 to 2022

Our simulation results reveal several intriguing asymptotic features of the sample eigenvectors
that are not explained by the existing theory. We intend to formalize these observations and
rigorously establish the associated conjecture in future work. Such developments would provide
practical tools for detecting spurious behavior in empirical datasets and for identifying key
characteristics of common factors, including their effective dimensionality. Another promising
direction is to investigate the asymptotic distribution of the sample eigenvalues, in the spirit of
He & Zhang (2024). Establishing such results would enable formal inference procedures for testing
the presence of high-rank components and for assessing the emergence of spurious behavior in
functional factor models.

Lastly, we end the discussion with some interesting observations and a conjecture, which forms
the basis of some future research. We observe that for the case K = 2 in Setting V (Figure 4),
the fifth sample eigenvector seemingly behaves in a significantly different way to the first four.
More specifically, the first four sample eigenvectors vagues resembles the spurious limit and are
relatively smooth, while the fifth eigenvector resembles a white noise process which has rough
sample paths.

The model in this setting is generated by two basis functions with equal weight, and along the
direction of each basis function, the non-stationary factor is loaded by a matrix An of rank two.
Heuristically, the non-stataionary component of the model spans a subspace of dimension four,
while the orthogonal complement of this subspace is spanned by the stationary components of the
model. This is similar to the concept of the attractor and cointegrating space that has recently
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garnered much attention in the functional time series literature (see Chang et al., 2016; Beare
et al., 2017; Li et al., 2023). In this line of work, the dimension of the non-stationary space is
determined by model parameters, and the asymptotic behaviour of the eigenstructure differs on
the stationary and non-stationary subspaces.

It is therefore natural to conjecture that for models with Cϵ and An being of finite rank, only
the first ∥Cϵ∥0∥An∥0 eigenvectors will tend to the spurious limit, while the rest behave like white
noise. This is because the limits in Theorem 1 arise as eigenfunctions of Wiener processes, which
are the scaling limits of the non-stationary part of the model. This is confirmed empirically by
simulations under a wide range of different settings, we include a simple example to illustrate
what typically occurs. The top eight subfigures of Figure 8 plot the sample eigenvectors of a

Fig. 8: An eample where Cϵ is of rank 2 and loading matrices are of rank 3

model with K = 10, Cϵ following Setting (C) and An = Gp×3 × G3×K , where Gm,n denotes a
m × n matrix of i.i.d. standard Gaussians. Clearly the first six eigenvectors behave differently
than the last two, which is in line with our conjecture since here the “effective rank” of the model
is equal to ∥Cϵ∥0∥An∥0 = 6. The bottom eight figures plot the sample ACF of each of the sample
eigenvectors as a time series of length 200. Clearly the first six eigenvectors exhibit persistent
dependence which is reflected in their smoother sample paths, while the last two do not.

A rigorous just justification of these observations and conjectures will serve as a valuable tool
to identify non-stationary factors in a functional time series model, as well as distinguish spurious
behaviour from genuine factors in the model. A much more intricate analysis of the eigenstructure
of the model is needed to derive such results, and we will pursue this direction in a standalone
work in the future.

Supplementary Material
A. Proofs

A.1. Preliminary results
We first give the proofs to Proposition 1.
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Proof of Proposition 1. For f = (fi) and g = (gi) in HK , we have

⟨Ωf, g⟩ =
∑

i

⟨
∑

j

Ωijfj , gi⟩ =
∑

j

⟨fj ,
∑

i

Ω∗
ijgi⟩ = ⟨f, (Ω∗

ji)ijg⟩.

Similarly, we have

⟨C1ΩC2f, g⟩ =
∑

i

⟨C1
∑

j

ΩijC2fj , gi⟩ =
∑

j

⟨fj ,
∑

i

C∗
2 Ω∗

ijC∗
1 gi⟩

which shows (C1ΩC2)∗ = C∗
2 Ω∗C∗.

Let (en)n be an orthonormal basis for H. Let (ẽn)n be a set of vectors in HK given by
ẽ(n−1)K+m := (0, . . . , en, . . . , 0) where n = 1, . . ., m = 1, . . . , K and en appears in the m-th co-
ordinate. Clearly (ẽn) is an orthonormal basis of HK . Then we have∑

n

⟨C1ΩC2ẽn, ẽn⟩ =
∑

n

∑
ij

⟨C1ΩijC2ẽj
n, ẽi

n⟩,

where ẽi
n denotes the i-th co-ordinate of ẽn. By definition, at least one of of ẽi

n and ẽj
n is 0 whenever

i ̸= j. Therefore ∑
n

⟨C1ΩC2ẽn, ẽn⟩ =
∑

i

∑
n

⟨C1ΩiiC2en, en⟩ =
∑

i

⟨C1ΩiiC2⟩,

which gives the trace of CΩ. Finally, we have

∥C1ΩC2∥2
F = ⟨C1ΩC2C∗

2 Ω∗C∗
1 ⟩ =

∑
i

⟨C1(ΩC2C∗
2 Ω∗)iiC

∗
1 ⟩,

where the last equality follows from the second claim of the Lemma. Since (Ω∗)ji = Ω∗
ij by part 1

of the Lemma, we have

∥C1ΩC2∥2
F =

∑
ij

⟨C1ΩijC2C∗
2 (Ω∗)jiC

∗
1 ⟩ =

∑
ij

⟨C1ΩijC2C∗
2 Ω∗

ijC∗
1 ⟩ =

∑
ij

∥C1ΩijC2∥2
F

where ∥C1ΩijC2∥F denotes the Hilbert-Schmidt norm of C1ΩijC2 on H. □

The following lemma is the key technical result underpinning Theorem 1. It computes moments of
certain bilinear forms associated with the random matrix W appearing in (4).

Lemma A1. Let W be the T × T random matrix defined in (4). Under Assumption 1, for any
deterministic vectors a, b ∈ RT , we have

E[a′Wb] = ⟨a, b⟩⟨CϵΩ⟩, (A1)

Furthermore, for any deterministic vectors a, b, c, d ∈ RT , we have∣∣∣cov(a′Wb, c′Wd) − ⟨a, c⟩⟨b, d⟩∥C1/2
ϵ ΩC1/2

ϵ ∥2
F −⟨a, d⟩⟨b, c⟩∥C1/2

ϵ ΩC1/2
ϵ ∥2

F

∣∣∣
≤ 2κ∗

4
∑

t

atbtctdt∥C1/2
ϵ ΩC1/2

ϵ ∥2
F ,

where at, bt, ct and dt are the t-th coordinate of a, b, c and d respectively.

Proof. From the definition of W we may write

a′Wb =
K∑

i,j=1

∫∫
⟨a, ϵi·(v)⟩⟨b, ϵj·(v)⟩Ωij(v, w)dvdw,
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where ϵi·(v) ∈ RT i-th column of the matrix ϵ′(v). Since (ϵit)it is a matrix of uncorrelated elements
by assumptions, we have

E[a′Wb] =
K∑

i,j=1

∫∫ T∑
s,t=1

E[asϵis(v)btϵjt(w)]Ωij(v, w)dvdw

=
T∑

t=1
atbt

K∑
i=1

∫∫
E[ϵit(v)ϵit(w)]Ωii(v, w)dvdw (A2)

= ⟨a, b⟩
K∑

i=1

∫∫
Cϵ(v, w)Ωii(v, w)dvdw.

By Proposition 1 we obtain

E[a′Wb] =
K∑

i=1
⟨CϵΩii⟩ = ⟨a, b⟩⟨CϵΩ⟩.

This gives the equality in (A1). For second moments, we write

E[a′Wb, c′Wd] =
K∑

i,j,k,l=1

∫∫∫∫
Aijkl(v, w, α, β)Ωij(v, w)Ωkl(α, β)dvdwdαdβ.

where we have defined

Aijkl(v, w, α, β) : = E[⟨a, ϵi·(v)⟩⟨b, ϵj·(w)⟩⟨c, ϵk·(α)⟩⟨d, ϵl·(β)⟩].

We will first compute Aijkl and
∑

ijkl Ωij(v, w)Ωkl(α, β) for all the possible partitions of index
set {i, j, k, l}. For ease of notation we will write

Ω̃ :=
∑

i

Ωii(v, w)Ωii(α, β).

On the set {i = j ̸= k = l}, we have

Aiikk(v, w, α, β) = E[⟨a, ϵi·(v)⟩⟨b, ϵi·(w)⟩]E[⟨c, ϵk·(α)⟩⟨d, ϵk·(β)⟩]
= ⟨a, b⟩⟨c, d⟩Cϵ(v, w)Cϵ(α, β),

where the last line follows from similar computations as in (A2), and∑
i=j ̸=k=l

Ωij(v, w)Ωkl(α, β) =
∑
i̸=k

Ωii(v, w)Ωkk(α, β)

= tr Ω(v, w)tr Ω(α, β) − Ω̃.

Similarly, on the set {i = k ̸= j = l}, we have

Aijij(v, w, α, β) = E[⟨a, ϵi·(v)⟩⟨c, ϵi·(α)⟩⟩]E[⟨b, ϵj·(w)⟩⟨d, ϵj·(β)⟩]
= ⟨a, c⟩⟨b, d⟩Cϵ(v, α)Cϵ(w, β),

and ∑
i=k ̸=j=l

Ωij(v, w)Ωkl(α, β) =
∑
i̸=j

Ωij(v, w)Ωij(α, β)

= tr Ω(v, w)′Ω(α, β) − Ω̃.
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On the set {i = l ̸= j = k}, we have

Aijji(v, w, α, β) = E[⟨a, ϵi·(v)⟩⟨d, ϵi·(β)⟩⟩]E[⟨b, ϵj·(w)⟩⟨c, ϵj·(α)⟩]
= ⟨a, d⟩⟨b, c⟩Cϵ(v, β)Cϵ(w, α),

and ∑
i=l ̸=j=k

Ωij(v, w)Ωkl(α, β) =
∑
i̸=j

Ωij(v, w)Ωji(α, β)

= tr Ω(v, w)Ω(α, β) − Ω̃.

In cases where exactly three of the four indices coincide we have Ai,j,k,l≡0 since E[ϵ = 0]. Finally
on the diagonal {i = j = k = l}, we have

Aiiii(v, w, α, β) = E[⟨a, ϵi·(v)⟩⟨b, ϵi·(w)⟩⟨c, ϵi·(α)⟩⟨d, ϵi·(β)⟩]

and ∑
i=j=k=l

Ωij(v, w)Ωkl(α, β) =
∑

i

Ωii(v, w)Ωii(α, β) = Ω̃.

Expanding the expression for Aiiii and partitioning the index set in a similar way, we get

Aiiii(v, w, α, β) =
∑

s,t,m,n

E[asbtcmdnϵis(v)ϵit(w)ϵim(α)ϵin(β)]

=

 ∑
s=t̸=m=n

+
∑

s=m̸=t=n

+
∑

s=n̸=t=m

+
∑

s=t=m=n

E[asbtcmdnϵis(v)ϵit(w)ϵim(α)ϵin(β)],

since E[ϵisϵitϵimϵin] = 0 on sets of exactly three coinciding indices. Therefore

Aiiii(v, w, α, β) = ⟨a, b⟩⟨c, d⟩Cϵ(v, w)Cϵ(α, β)
+ ⟨a, c⟩⟨b, d⟩Cϵ(v, α)Cϵ(w, β)
+ ⟨a, d⟩⟨b, c⟩Cϵ(v, β)Cϵ(w, α)

+
∑

t

κit(v, w, α, β)atbtctdt

where we have defined

κit(v, w, α, β) := E[ϵit(v)ϵit(w)ϵit(α)ϵit(β) − 3].

Recall from (A1) that

E[a′Wb] = ⟨a, b⟩⟨CϵΩ⟩, E[c′Wd] = ⟨c, d⟩⟨CϵΩ⟩.

After collecting the above terms and simplifying, we note that all terms containing the quantity
Ω̃ cancel out and we obtain

cov(a′Wb, c′Wd) = ⟨a, c⟩⟨b, d⟩
∫

I4
Cϵ(v, α)Cϵ(w, β)tr Ω(v, w)′Ω(α, β)dvdwdαdβ

+ ⟨a, d⟩⟨b, c⟩
∫

I4
Cϵ(v, β)Cϵ(w, α)tr Ω(v, w)Ω(α, β)dvdwdαdβ

+
∑

t

atbtctdt

∑
i

∫
I4

κit(v, w, α, β)Ωii(v, w)Ωii(α, β)dvdwdαdβ.

Recall that Cϵ is self-adjoint. By definition of Ω and Proposition 1, we have

Ωij(u, v) = Ω∗
ji(u, v) = Ωji(v, u). (A3)
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By linearity, the first term in the above expression simplifies to∫
Cϵ(v, α)Cϵ(w, β)tr Ω(v, w)′Ω(α, β)dvdwdαdβ

=
∑
i,j

∫
I4

Cϵ(β, w)Ωij(w, v)Cϵ(v, α)Ωji(α, β)dvdwdαdβ

=
∑
i,j

⟨CϵΩijCϵΩji⟩

Using (A3) and the self-adjointness of Cϵ again, we obtain∑
i,j

⟨CϵΩijCϵΩji⟩ =
∑
i,j

⟨C1/2
ϵ ΩijC1/2

ϵ C1/2
ϵ Ω∗

ijC1/2
ϵ ⟩

=
∑
i,j

∥C1/2
ϵ ΩijC1/2

ϵ ∥2
F = ∥C1/2

ϵ ΩC1/2
ϵ ∥2

F ,

Similarly we have∫
I4

Cϵ(v, β)Cϵ(w, α)tr Ω(v, w)Ω(α, β)dvdwdαdβ = ∥C1/2
ϵ ΩC1/2

ϵ ∥2
F .

Therefore we have

cov(a′Wb, c′Wd) − (⟨a, c⟩⟨b, d⟩ + ⟨a, d⟩⟨b, c⟩)∥C1/2
ϵ ΩC1/2

ϵ ∥2
F

=
∑

t

atbtctdt

∑
i

∫
I4

κit(v, w, α, β)Ωii(v, w)Ωii(α, β)dvdwdαdβ

and it remains to bound the last term. By Assumption 1.2, we have∣∣∣∣∣∑
i

∫
I4

κit(v, w, α, β)Ωii(v, w)Ωii(α, β)dvdwdαdβ

∣∣∣∣∣
≤
∑

i

∫
I4

Cϵ(β, v)Ωii(v, w)Cϵ(w, α)Ωii(α, β)dvdwdαdβ

=
∑

i

⟨CϵΩiiCϵΩii⟩.

By Proposition 1.2, we have∑
i

⟨CϵΩiiCϵΩii⟩ =
∑

i

∥C1/2
ϵ ΩiiC

1/2
ϵ ∥2

F ≤
∑
i,j

∥C1/2
ϵ ΩijC1/2

ϵ ∥2
F = ∥C1/2

ϵ ΩC1/2
ϵ ∥2

F ,

where the last equality follows from Proposition 1.3. □

The following lemma gives the spectral decomposition of the matrix MΘ′.

Lemma A2. The matrix MΘ′ admits a singular value decomposition

MΘ′ =
T∑

t=1
σtwtv

′
t,

where σt = (2 sin( tπ
2T ))−1 and

wtn = −
√

2
T

cos
(

(n − 1/2)πt

T

)
, vtn =

√
2
T

sin
(

(n − 1)πt

T

)
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for t < T , and σT = 0, wT n = 1/
√

T and vT n = 1n=1. Furthermore, we have σn ∼ T for any fixed
n as T → ∞.

Proof. The spectral decomposition follows from Lemma 5 of Onatski & Wang (2021). For the
last estimate, note that sin( nπ

2T ) ≈ nπ
2T as T → ∞, so σn ∼ T . □

Using Lemma A1 and Lemma A2, we may derive the following concentration bounds for certain
quadratics forms of W .

Lemma A3. Let (σi)i, (vi)i be as defined in Lemma A2. Under Assumptions 1-3, for any
i ≤ j ≤ T , we have the following estimate on the quadratic form of W :

v′
iWvj = δij⟨CϵΩ⟩ + ⟨CϵΩ⟩op(1).

Furthermore, we have
j∑

k=i

σ2
kv′

kWvk = ⟨CϵΩ⟩
j∑

k=i

σ2
k + ⟨CϵΩ⟩op(T 2).

Proof. Since ⟨vi, vj⟩ = δij , by Lemma A1 we have E[v′
iWvj ] = δij⟨CϵΩ⟩. Furthermore,

var(v′
iWvj) = (1 + δij)∥C1/2

ϵ ΩC1/2
ϵ ∥2

F + O(2κ∗
4
∑

t

v2
itv

2
jt∥C1/2

ϵ ΩC1/2
ϵ ∥2

F )

= O(∥C1/2
ϵ ΩC1/2

ϵ ∥2
F ),

where the last estimate holds since
∑

t v2
itv

2
jt ≤

∑
s,t v2

itv
2
js = 1. By Chebyshev’s inequality

v′
iWvj = δij⟨CϵΩ⟩ + Op(∥C1/2

ϵ ΩC1/2
ϵ ∥F )

and the first claim follows from Assumption 2. For the second estimate, recall from Lemma A2
that σ−1

k ∼ sin(k/T ) as T → ∞. Clearly this implies σk ∼ T . Since i, j are fixed, this implies∑j
k=i σ2

k = O(T 2) and the second claim follows. □

The following algebraic identity from Lemma 3.3 of Yin et al. (2014) gives a geomatric
interpretation on the ratio between ℓ1 and ℓ2 norms of a vector.

Lemma A4. Let x ∈ Rn. Then
2α(x)1/2

1 + α(x)∥x∥1/2
0 ≤ ∥x∥1

∥x∥2
≤ ∥x∥1/2

0

where ∥x∥0 := |{i ≤ n, xi ̸= 0}| and α(x) is given by

α(x) := infi≤n,xi ̸=0 xi

supi≤n,xi ̸=0 xi
.

Proof. This is Lemma 3.3 of Yin et al. (2014). □

Finally, Lemma A5 is a linear algebraic result used to compute the spectrums of certain
operators.

Lemma A5. Let H be a Hilbert space with inner product ⟨·, ·⟩ and p, q, T be positive integers.
Suppose f1, . . . , fT and g1, . . . , gT are elements of Hp with components ft = (f1t, . . . , fpt) and
gt = (g1t, . . . , gpt) respectively. Let A be the T × T matrix given by

Ast =
p∑

i=1
⟨fis, git⟩, s, t = 1, . . . , T
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and A be the compact operator on Hp given by

A =
T∑

t=1
ft ⊗ gt.

Then A and A share the same non-zero singular values. Furthermore, we have

∥A∥2 ≤ ∥Af ∥∥Ag∥,

where Af and Ag are the matrices whose entries are given by

(Af )st =
p∑

i=1
⟨fis, fit⟩, (Ag)st =

p∑
i=1

⟨gis, git⟩.

Proof. Let F : RT → Hp be the linear operator given by

Fu =
T∑

t=1
utft, u = (u1, . . . , uT )′ ∈ RT .

For h = (h1, . . . , hp) ∈ Hp, since

⟨h, Fu⟩ =
p∑

i=1

T∑
t=1

⟨hi, utfit⟩ =
T∑

t=1
ut⟨h, ft⟩,

the adjoint of F is given by F ∗ : Hp → RT

F ∗h = (⟨h, f1⟩, . . . , ⟨h, fT ⟩)′, h ∈ Hp.

Similarly, define G : Hp → RT by

Gu =
T∑

t=1
utgt, u ∈ RT

whose adjoint is given by

G∗h = (⟨h, g1⟩, . . . , ⟨h, gT ⟩)′, h ∈ Hp.

Let (et)t=1,...,T be the standard basis of RT , then we have

⟨es, F ∗Get⟩ = ⟨Fes, Get⟩ = ⟨fs, gt⟩ = Ast

the matrix A can be written as A = F ∗G. Similarly, we have A = FG∗ since

⟨h1, FG∗h2⟩ = ⟨F ∗h1, G∗h2⟩ =
T∑

t=1
⟨h1, ft⟩⟨h2, gt⟩ = ⟨h1, Ah2⟩

for h1, h2 ∈ Hp. It remains to observe that A = F ∗G shares the same non-zero singular values as
A∗ = G∗F which shares the same non-zero singular values as A = FG∗. This gives the first claim.
The second claim follows from the inequality

∥A∥2 ≤ ∥F∥2∥G∥2 = ∥FF ∗∥∥GG∗∥

and the fact that Af = FF ∗ and Ag = GG∗. □

A.2. Proof of the main results
Proof of Theorem 1. First we show that show that under Assumption 1-3, Theorem 1 holds for

the matrix Ŝ whenever it holds for the covariance matrix of the non-stationary part of the model
S̃, i.e. the perturbation of the stationary error term ζ is asymptotically negligible.
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We will show below that the spectral gaps of S̃ are asumptotically of size

|λk(S̃) − λk+1(S̃)| ∼ ∥S̃∥ ∼ T 2p−1⟨CϵΩ⟩. (A4)

By standard perturbation theory (Hsing & Eubank (2015); Kato (2013)), to prove that the
perturbation of ζ is asymptotically negligible, it suffices to show that ∥Ŝ − S̃∥ = op(T 2p−1⟨CϵΩ⟩).
This is what we show now. Since X(u) := (ΨF )(u) + ζ(u), by the triangle inequality we have

∥Ŝ − S̃∥ ≲

∥∥∥∥1
p

∫
I

Mζ(u)′ζ(u)Mdu

∥∥∥∥+
∥∥∥∥1

p

∫
I

M(ΨF )(u)′ζ(u)Mdu

∥∥∥∥ . (A5)

where M denotes the orthogonal projection onto the orthogonal complement of the T -dimensional
vector of ones, i.e. M = IT − T −11T 1′

T . We will use the fact that ∥M∥ = 1 throughout the rest of
the proof without mention.

For the first term in (A5), by Lemma A5, we have∥∥∥∥1
p

∫
I

Mζ(u)′ζ(u)Mdu

∥∥∥∥ ≤ 1
p

∥∥∥∥∥
T∑

t=1
ζt ⊗ ζt

∥∥∥∥∥ ≤ 1
p

T∑
t=1

∥ζt∥2
Hp .

Since E[∥ζt∥2] = ⟨Cζ⟩, by Markov’s inequality we have∥∥∥∥1
p

∫
I

Mζ(u)′ζ(u)Mdu

∥∥∥∥ = Op(Tp−1⟨Cζ⟩) = op(T 2p−1⟨CϵΩ⟩), (A6)

where the last estimate follows from Assumption 3. Similarly, by the second claim of Lemma A5,
the second term in (A5) is bounded by∥∥∥∥1

p

∫
I

M(ΨF )(u)′ζ(u)Mdu

∥∥∥∥ ≤
∥∥∥∥1

p

∫
I

M(ΨF )(u)′(ΨF )(u)Mdu

∥∥∥∥1/2 ∥∥∥∥1
p

∫
I

Mζ(u)′ζ(u)Mdu

∥∥∥∥1/2

= ∥S̃∥1/2
∥∥∥∥1

p

∫
I

Mζ(u)′ζ(u)Mdu

∥∥∥∥1/2

= op(T 2p−1⟨CϵΩ⟩),

where the last estimate follows from (A6) and the bound

∥S̃∥ = Op(T 2p−1⟨CϵΩ⟩) (A7)

which will be shown below. From this we conclude that ∥S̃ − Ŝ∥ = op(T 2p−1⟨CϵΩ⟩) which shows
that the perturbation of ζ is asymptotically negligible.

It remains to show that Theorem 1 holds for the covariance operator S̃, which also proves the
two estimated (A4) and (A7) we used above. This proof is adapted from the arguments in Section
A.3.1 of Onatski & Wang (2021). We sketch the key components of the argument adapted to the
functional setting of our model.

Let λ̃n, ũn, n = 1, . . . , T be the eigenvalues of S̃ arranged in non-ascending order and the
corresponding eigenvectors. We will focus on the largest eigenvalues λ̃1 and the corresponding
eigenvector ũ1, the general case can be obtained via mathematical induction. We omit the details
of the induction argument since it can be found on p.610-611 of Onatski & Wang (2021).

Recall from Lemma A2 that the set {wn, n = 1, . . . , T} forms an orthonormal basis of RT and
wT is proportional to a vector of ones. Since ũ1 is orthogonal to wT by construction, we have the
representation

ũ1 =
T −1∑
t=1

αtwt
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for some set of weights (αt). Note that since (wt) is an orthonormal set, we have

1 = ∥ũ1∥2 = ∥
T −1∑
t=1

αtwt∥ =
T −1∑
t=1

α2
t ∥wt∥2 =

T −1∑
t=1

α2
t .

By definition of λ̃1, ũ1, S̃ we have

λ̃1 = ũ′
1S̃ũ1 =

T −1∑
s,t=1

αsαtw
′
sS̃wt.

Since S̃ = p−1MΘ′WΘM where MΘ′ =
∑

t σtwtv
′
t by Lemma A2, we have

pλ̃1 =
T −1∑
s,t=1

αsαtσ̃sσ̃tv
′
sWvt.

The quadratic form v′
sWvt can be estimated using Lemma A3, however, the sum of T − 1 such

terms has to be dealt with additional care since T → ∞. Using a truncation argument similar to
the one found in p.607-p.609 of Onatski & Wang (2021), we may show that

pλ̂1 ≤ ⟨CϵΩ⟩

(
T −1∑
t=1

α2
t σ̃2

t + op(T 2)
)

.

Since σ̃1 is the leading eigenvalue, and
∑T −1

t=1 α2
t = 1, we have

T −1∑
t=1

α2
t σ̃2

t = α2
1σ̃2

1 +
T −1∑
t=2

α2
t σ̃2

t ≤ α2
1σ̃2

1 + (1 − α2
1)σ̃2

2 ,

which gives

pλ̂1 ≤ α2
1σ̃2

1⟨CϵΩ⟩ + (1 − α2
1)σ̃2

2⟨CϵΩ⟩ + op(T 2)⟨CϵΩ⟩.

On the other hand, since λ̃1 is the leading eigenvalues, we have

pλ̃1 ≥ pw′
1Σ̃w1 = σ1v′

1Wv1 = σ2
1⟨CϵΩ⟩ + op(T 2)⟨CϵΩ⟩.

Combining the upper and lower bounds and simplifying we obtain

(σ2
1 − σ2

2)(1 − α2
1)⟨CϵΩ⟩ ≤ op(T 2)⟨CϵΩ⟩.

Using the fact that σ2
1 − σ2

2 ∼ T 2, we obtain 1 − α2
1 = op(1), which implies α2

1 = (ũ′
1w1)2 → 1 in

probability as T → ∞. This gives the first claim.
Using the upper and lower bound again, we may obtain

|pλ̃1 − σ2⟨CϵΩ⟩| ≤ |1 − α2
1|(σ2

1 + σ2
2)⟨CϵΩ⟩ + op(T 2)⟨CϵΩ⟩ = op(T 2)⟨CϵΩ⟩,

since σ2
1 ∼ T 2/π2 and 1 − α2

1 = op(1). This gives

λ̃1 = T 2

π2p
⟨CϵΩ⟩(1 + op(1)),

which the asymptotic limit of the eigenvalues. This also implies the bounds (A4) and (A7). Finally,
the last claim follows from the same arguments as p.609-610 of Onatski & Wang (2021) and we
omit the details. □
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Proof of Theorem 2. Using (5) and (9), the operator Ω can be written as

Ωkl(v, w) =
p∑

i=1

∫
I

Ψik(u, v)Ψil(u, w)du

=
p∑

i=1

∞∑
n=1

anikanilϕn(v)ϕn(w)

=
∞∑

n=1
(A′

nAn)klϕn(v)ϕn(w).

Since C
1/2
ϵ =

∑
n c

1/2
n ϕn ⊗ ϕn, we have

(C1/2
ϵ ΩklC

1/2
ϵ )(u, v) =

∫
I

C1/2
ϵ (u, α)Ωkl(α, β)C1/2

ϵ (β, v)dαdβ

=
∞∑

n=1
cn(A′

nAn)klϕn(u)ϕn(v).

By Proposition 1, the trace of C is given by

⟨C⟩ =
K∑

k=1
⟨CϵΩkk⟩ =

K∑
k=1

∞∑
n=1

cn(A′
nAn)kk =

∞∑
n=1

cn⟨Bn⟩.

Similarly, the Hilbert-Schmidt norm of C is given by

∥C∥2
2 =

∑
kl

∥C1/2
ϵ ΩklC

1/2
ϵ ∥2 =

∞∑
n=1

∑
kl

c2
n(A′

nAn)2
kl =

∞∑
n=1

c2
n∥Bn∥2

2.

Since 1 = ⟨Cϵ⟩ =
∑

n cn and ∥Cϵ∥2
2 =

∑
n c2

n, we have the following upperbound

⟨C⟩2

∥C∥2
2

= lim sup
q→∞

(
∑q

n=1 cn⟨Bn⟩)2∑q
n=1 c2

n∥Bn∥2
2

≤ inf
Q∈N

sup
q>Q

maxn≤q⟨Bn⟩2

minn≤q∥Bn∥2
2

(
∑q

n=1 cn)2∑q
n=1 c2

n

≤ 1
∥Cϵ∥2

2
inf

Q∈N
sup
q>Q

maxn≤q⟨Bn⟩2

minn≤q∥Bn∥2
2

.

Let kq be the index such that the maxinum in the numerator is attained, i.e.

kq := arg maxn≤q⟨Bn⟩.

Since ∥Bn∥2 ≳ ∥Bkq
∥2 uniformly in n and q by assumption, we have

maxn≤q⟨Bn⟩
minn≤q∥Bn∥2

≲
⟨Bkq

⟩
∥Bkq ∥2

≤ max
n≤q

⟨Bn⟩
∥Bn∥2

,

which gives the first upper bound
⟨C⟩

∥C∥2
≲

1
∥Cϵ∥2

inf
Q∈N

sup
q>Q

max
n≤q

⟨Bn⟩
∥Bn∥2

≤ 1
∥Cϵ∥2

sup
n

⟨Bn⟩
∥Bn∥2

.

By the Cauchy-Schwarz inequality we have ⟨Bn⟩ ≤ ∥Bn∥1/2
0 ∥Bn∥2 and the second upper bound

follows from the first upper bound.
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Similar to the above computations, using ∥Bn∥2 ∼ ∥Bm∥2 we obtain a lower bound of the form

⟨C⟩
∥C∥2

≥ 1
∥Cϵ∥2

sup
Q∈N

inf
q>Q

minn≤q⟨Bn⟩
maxn≤q∥Bn∥2

≳
1

∥Cϵ∥2
sup
Q∈N

inf
q>Q

min
n≤q

⟨Bn⟩
∥Bn∥2

.

Since ⟨Bn⟩ ≥ ∥Bn∥2, we obtain the first half of the first lower bound

⟨C⟩
∥C∥2

≳
1

∥Cϵ∥2
.

For the second half, using the non-negativity of the summand, we have

(
∑q

n=1 cn⟨Bn⟩)2∑q
n=1 c2

n∥Bn∥2
2

≥
∑q

n=1 c2
n⟨Bn⟩2∑q

n=1 c2
n∥Bn∥2

2

=
c2

m⟨Bm⟩2 +
∑q

n̸=m c2
n⟨Bn⟩2∑q

n=1 c2
n∥Bn∥2

2
,

where m ≤ q is arbitrarily chosen. Since ∥Bn∥2 ∼ ∥Bm∥2 uniformly for all n, we have

(
∑q

n=1 cn⟨Bn⟩)2∑q
n=1 c2

n∥Bn∥2
2

≳
c2

m⟨Bm⟩2 +
∑q

n̸=m c2
n⟨Bn⟩2

∥Cϵ∥2
2∥Bm∥2

2
≥ 1

∥Cϵ∥2
2

c2
m

⟨Bm⟩2

∥Bm∥2
2

.

Taking the limit in q yields the first lower bound. Finally, using Lemma A4, we get
⟨Bm⟩

∥Bm∥2
≳ ∥Bm∥1/2

0 α(Bm)1/2

which completes the proof. □
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